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Abstract
Macroscopic many-body systems always exhibit irreversible behaviors. For example, the gas always tend to fill
up the unoccupied area until reaching the new uniform distribution, together with the irreversible entropy increase.
However, in principle, the underlying microscopic dynamics of the many-body system, either the (quantum) von
Neumann or (classical) Liouville equation, guarantees the entropy of an isolated system does not change with time,
which is quite confusing comparing with the macroscopic irreversibility. Notice that, due to the restrictions in practical
measurements, usually it is the partial information (e.g., marginal distribution, few-body observable expectation) that
is directly accessible to our observations, rather than the full ensemble state. But indeed such partial information is
sufficient to give most macroscopic thermodynamic quantities, and they exhibits irreversible behaviors. At the same
time, there is some correlation entropy hiding in the full ensemble, i.e., the mutual information between different
marginal distributions, but difficult to be sensed in practice. We notice that such correlation production is indeed
closely related to the macroscopic entropy increase in the standard thermodynamics. In open systems, the irreversible
entropy production of the open system can be proved to be equivalent with the correlation production between the
open system and its environment. During the free diffusion of an isolated ideal gas, the correlation between the spatial
and momentum distributions is increasing monotonically, and it could well reproduce the entropy increase result in the
standard thermodynamics. In the presence of particle collisions, the single-particle distribution always approaches the
Maxwell-Boltzmann distribution as its steady state, and its entropy increase indeed indicates the correlation production
between the particles. In all these examples, the total entropy of the whole isolated system keeps constant. In this
sense, the macroscopic irreversibility and the reversible microscopic dynamics coincide with each other.
1 Introduction
Considering an isolated ideal gas initially occupying only part of a box, after long enough time diffusion, the gas
spreads all over the volume uniformly (Fig. 1). From the standard macroscopic thermodynamics it is simple to show
the gas entropy is increased by ∆S = NkB ln(V/V0), where V (V0) is the final (initial) occupied volume [1, 2].
This is a quite typical example of the entropy increase in the macroscopic thermodynamics. However, notice that
isolated quantum systems always follow the unitary evolution (described by the von Neumann equation ∂tρˆ = i[ρˆ, Hˆ]),
and that guarantees the von Neumann entropy SV[ρˆ] = −tr[ρˆ ln ρˆ] does not change with time. In principle, this result
Figure 1: Demonstration for gas diffusion.
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should also apply for many-body systems, then it seems inconsistent with the above entropy increase in the standard
macroscopic thermodynamics.
Indeed, this is not a problem that only appears in quantum physics, and classical physics has the same situation.
For an isolated classical system, the ensemble evolution follows the Liouville equation [1, 3, 4],
∂tρ(~P , ~Q, t) = −{ρ(~P , ~Q, t), H}, (1)
which is derived from the Hamiltonian dynamics. Here {· , ·} is the Poisson bracket, and ρ(~P , ~Q, t) is the probability
density around the microstate (~P , ~Q) := (~p1, ~p2, . . . ; ~q1, ~q2, . . . ) at time t. As a result, the Gibbs entropy of the whole
system keeps a constant and never changes with time,
d
dt
SG[ρ(~P , ~Q, t)] =
d
dt
[
−
∫
d3Np d3Nq ρ ln ρ
]
= 0. (2)
Therefore, this constant entropy result exists in both quantum and classical physics.
This is rather confusing when comparing with our intuition of the “irreversibility”1 happening in the macroscopic
world [4–11]. Moreover, even if the particles have complicated nonlinear interactions, although the system dynamics
could be highly chaotic and unpredictable, the (classical) Liouville or (quantum) unitary dynamics still guarantees the
entropy of isolated systems does not change with time.
On the other hand, if there is no inter-particle interaction, the microstate evolution is well predictable, but the above
irreversible diffusion process could still happen until the gas refills the whole volume uniformly. From this sense, it
seems that the above contradiction between the constant entropy and the appearance of macroscopic irreversibility does
not depend on whether there exist complicated interactions. We need to ask: how could the macroscopic irreversibility
and entropy increase arise from the underlying microscopic dynamics, which is reversible with time-reversal symmetry
[6, 12]?
Recently, it is noticed that the irreversible entropy production in open systems indeed is deeply related with corre-
lation between the open system and its environment [13–16]. In an open system, the entropy of the system itself can
either increase or decrease, depending on whether it is absorbing or emitting heat to its environment. Subtracting such
thermal entropy due to the heat exchange, the rest part of the system entropy change is called the irreversible entropy
production [17–21], and that increases monotonically with time until reaching the thermal equilibrium.
Under proper approximations, we can prove indeed the thermal entropy change due to the heat exchange is just
equal to the entropy change of the environment state [16, 22, 23], and the irreversible entropy production is equivalent
as the correlation generation between the open system and its environment, which is measured by the relative entropy
[13, 14, 24–26] or their mutual information [16, 23]. At the same time, the system and its environment together as
a whole system maintains constant entropy during the evolution. In this sense, the constant global entropy and the
increase of correlation well coincide with each other. Moreover, when the baths are non-thermal states, which are
beyond the application scope of the standard macroscopic thermodynamics, we could see such correlation production
still applies (see Sec. 2.4).
That is to say, due to the practical restrictions of measurements, indeed some correlation information hiding in the
global state is difficult to be sensed, and that results to the appearance of the macroscopic irreversibility as well as the
entropy increase. In principle, such correlation understanding could also apply for isolated systems. Indeed, in the
above diffusion example, our observation that “the gas spread all over the volume uniformly” is implicitly focused on
the spatial distribution only, rather than the total ensemble state.
For the classical ideal gas with no inter-particle interactions, the Liouville equation for the ensemble evolution
can be exactly solved [4, 9, 27]. Notice that in practice, it is the spatial and momentum distributions that are directly
measured, but not the full ensemble state. We can prove that the spatial distributionPx(x, t), as a marginal distribution
of the whole ensemble, always approaches the new uniform one as its steady state. Moreover, by examining the
correlation between the spatial and momentum distributions, we can see their correlation increases monotonically, and
1 In thermodynamics, a “reversible (irreversible)” process means the system is (not) always in the thermal equilibrium state at every moment.
Throughout this paper, we adopt the meaning in dynamics: for any initial condition, some function (distribution, state, etc.) always approaches the
same steady state, then such kind of behavior is regarded as “irreversible”.
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could reproduce the entropy increase in the standard thermodynamics. At the same time, the total ensemble state
ρ(~P , ~Q, t) keeps constant entropy during the diffusion process (see Sec. 3).
For the non-ideal gas with weak particle interactions, the dynamics of the single-particle probability distribution
function (PDF) f(p, r, t) can be described by the Boltzmann equation [1, 8]. According to the Boltzmann H-theorem,
f(p, r, t) always approaches the Maxwell-Boltzmann (MB) distribution as its steady state, and its entropy increases
monotonically. Notice that the single-particle PDF f(p, r, t) is a marginal distribution of the full ensemble state
ρ(~P , ~Q, t), which is obtained by averaging out all the other particles. Thus f(p, r, t) does not contain the particle
correlations, and the increase of its entropy indeed implicitly reflects the increase of the inter-particle correlations,
which exactly reproduces the entropy increase result in the standard macroscopic thermodynamics. At the same time,
the total ensemble ρ(~P , ~Q, t) still follows the Liouville equation with constant entropy.
The correlation production between the particles could also help us understand the Loschmidt paradox: when
we consider the “backward” evolution, since significant particle correlations have established [28], the molecular-
disorder assumption, which is the most crucial approximation in deriving the Boltzmann equation, indeed does not hold.
Therefore, the Boltzmann equation as well as the H-theorem of entropy increase does not apply for the “backward”
evolution (see Sec. 4).
In sum, the global state keeps constant entropy, but in practice, usually it is the partial information (e.g., marginal
distribution, single-particle observable expectations) that is directly accessible to our observation, and that gives rise to
the appearance of the macroscopic irreversibility [9, 13–16, 23–25, 27, 29–34]. The entropy increase in the standard
macroscopic thermodynamics indeed reflects the correlation increase between different degrees of freedom (DoF) in the
many-body system. In this sense, the reversibility of microscopic dynamics (for the global state) and the macroscopic
irreversibility (for the partial information) coincide with each other. More importantly, this correlation understanding
applies for both quantum and classical systems, and for both open and isolated systems; besides, it does not depends on
whether there exist complicated particle interactions, and also can be used to describe time-dependent non-equilibrium
systems.
2 The correlation production in open systems
In this section, we first discuss the thermodynamics of an open system, which is surrounded by an environment ex-
changing energy with it. The open system can absorb or emit heat to the environment, as a result, the entropy of the
open system itself can either increase or decrease. Thus the thermodynamic irreversibility is not simply related to
the entropy change of the open system alone, but should be described by the “irreversible entropy”, which increases
monotonically with time.
Here we first give a brief review about this formalism for the irreversible entropy production, which is an equivalent
statement for the second law. Then we will show indeed this irreversible entropy production in open systems is just
equivalent with the correlation increase between the system and its environment [13, 16, 29], which is measured by their
mutual information. Moreover, if the baths contacting with the system are not canonical thermal ones, the temperatures
are no longer well defined, and this situation is indeed not within the applicable scope of the second law in the standard
thermodynamics, but we will see the the correlation production still applies in this case.
2.1 The irreversible entropy production rate
Now we first briefly review the formalism of entropy production [17–21]. The entropy change dS of an open system
can be regarded as coming from two origins, i.e.,
dS = dSe + dSi (3)
where dSe comes from the heat exchange with external baths, and dSi is regarded as the irreversible entropy change.
The exchanging part dSe can be either positive or negative, indicating the heat absorbing or emitting of the system.
But the irreversible entropy change dSi, as stated by the second law, should always be positive.
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Figure 2: Demonstration for an open system S surrounded by several independent baths Bα.
If the system is contacted with a thermal bath in the equilibrium state with temperature T , the entropy change due
to the heat exchange can be written as dSe = d¯Q/T (hereafter we refer it as the thermal entropy), where d¯Q is the heat
absorbed by the system. Then the second law can be expressed as
dSi = dS − d¯Q
T
≥ 0, (4)
where the equality holds only for reversible processes. This is just the Clausius inequality for an infinitesimal process
[1, 18, 21].
More generally, if the system contacts with multiple independent thermal baths with different temperatures Tα at
the same time (Fig. 2), the irreversible entropy change should be generalized as [17]
dSi = dS −
∑
α
d¯Qα
Tα
≥ 0, (5)
where d¯Qα is the heat absorbed from bath-α [18, 21]. For example, for a system contacting with two thermal baths
with temperatures T1,2, in the steady state, we have dS = 0 and d¯Q1 = −d¯Q2, thus the above equation gives [21]
− d¯Q1
( 1
T1
− 1
T2
) ≥ 0. (6)
It is easy to verify d¯Q1 = −d¯Q2 > 0 always comes together with T1 > T2, and vice versa. That means, the heat
always flows from the high temperature area to the low temperature area, which is just the Clausius statement of the
second law.
Therefore, for an open system, the second law can be equivalently expressed as a simple inequality dSi ≥ 0, which
means the irreversible entropy change always increases monotonically. This can be also expressed by the entropy
production rate (EPr), which is defined as
REP :=
dSi
dt
=
dS
dt
−
∑
α
1
Tα
dQα
dt
, (7)
and REP ≥ 0 is equivalent as saying the irreversible entropy keeps increasing.
Besides the equivalence with the standard second law statements, the entropy production formalism also provides
a proper way to quantitively study the non-equilibrium thermodynamics. Considering there is only one thermal bath,
the system would get thermal equilibrium with the bath in the steady state. At this time, the system state no longer
changes, and there is no net heat exchange between the system and the bath, thus REP ! 0 when t!∞.
In contrast, if the system contacts with multiple thermal baths with different temperatures, in the steady state,
although the system state no longer changes with time, there still exists net heat flux between the system and the baths.
Therefore, different from the thermal equilibrium, such a steady state is a stationary non-equilibrium state [17]. Notice
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that in this case the EPr remains a finite positive value REP > 0 [see the example of Eq. (6)] when t ! ∞, which
indicates there is still on-going production of irreversible entropy. Therefore, REP = 0 (or > 0) well indicates whether
(or not) the system is in the thermal equilibrium state.
Here the above discussions about the entropy production apply for both classical and quantum systems, as long as
the quantities like S˙ and Q˙α are calculated by the classical ensemble or quantum state correspondingly.
2.2 The production rate of the system-bath correlation
Now we will show the above EPr is indeed equivalent as the production rate of the correlation between the open
system and its environment. Usually the dynamics of the open system alone is more often concerned in literature.
The baths, due to their large size, are usually considered as unaffected by the system, and only provides a background
with fluctuations. But the system surely has influence to its environment [16, 23, 35]. For example, when the system
emits energy, this energy is indeed added to the environment. To study the correlation between the system and its
environment, here we also need to know the dynamics of the whole environment.
Quantum case: Here we first consider a quantum system contacting with several independent thermal baths with
temperatures Tα. Initially, each bath-α stays in the canonical thermal state
ρˆB,α(0) =
1
Zα
exp[−HˆB,α
Tα
], (8)
with Zα as the normalization factor. The exact changing rate of the information entropy of bath-α is given by
d
dtSB,α(t) = −tr[ ˙ˆρB,α(t) ln ρˆB,α(t)] 2. To make further calculation, we assume the bath state ρˆB,α(t) does not change
too much from the initial state, thus ln ρˆB,α(t) = ln[ρˆB,α(0)+δρˆt] ' ln ρˆB,α(0)+o(δρˆt), then the bath entropy change
S˙B,α(t) becomes [16, 22, 23, 26]
S˙B,α(t) ' −tr[ ˙ˆρB,α(t) ln ρˆB,α(0)]
= −tr
{
˙ˆρB,α(t) · ln
( 1
Zα
exp[−HˆB,α
Tα
]
)}
=
1
Tα
d
dt
〈HˆB,α〉. (9)
Notice that here ddt 〈HˆB,α〉 is the energy increase of bath-α, thus it is just equal to the energy loss of the system
to bath-α (i.e., −Q˙α) when the system-bath interaction strength is negligibly small. Therefore, the above EPr REP
[Eq. (7)] can be rewritten as REP ' S˙S(t) +
∑
α S˙B,α(t).
Since initially the different baths are independent from each other and do not interact with each other directly, we
assume they cannot generate significant correlations during the evolution, thus the entropy of the whole environment is
simply the summation of that from each single bath, namely, SB(t) '
∑
α SB,α(t). Therefore, the above EPr REP can
be further rewritten as
REP ' S˙S(t) + S˙B(t) = d
dt
[SS + SB − SSB] = d
dt
ISB(t). (10)
The above equality holds because the whole S+B system is an isolated system and follows the unitary evolution, thus
the von Neumann entropy of the whole S+B state does not change with time, namely, ddtSSB := S˙V[ρˆSB(t)] = 0 [36].
Therefore, the production rate of the irreversible entropy REP is just equivalent with the production rate of the mu-
tual information between the system and its environment, ISB = SS +SB −SSB, which measures their correlation [36].
That means, the second law statement that the irreversible entropy keeps increasing (REP ≥ 0) can be also equivalently
understood as, the correlation between the system and its environment, as measured by the mutual information, always
keeps increasing until they get the equilibrium.
Classical case: The above discussions about quantum open systems also applies for classical ones. For classical
2Formally, the von Neumann entropy SV[ρˆ] = −tr[ρˆ ln ρˆ] gives S˙V = −tr
[
˙ˆρ · ln ρˆ+ ρˆ · (ρˆ−1 · ˙ˆρ)] = −tr[ ˙ˆρ ln ρˆ].
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systems, the initial state of bath-α should be represented by the canonical ensemble distribution
ρB,α(~P , ~Q, t = 0) =
1
Zα
exp[− 1
Tα
HB,α(~P , ~Q)], (11)
where (~P , ~Q) := (~p1, ~p2, . . . ; ~q1, ~q2, . . . ) denotes the momentums and positions of the DoF in bath-α. Then we
consider the changing rate of the Gibbs entropy of bath-α, and that is3
d
dt
SG
[
ρB,α(~P , ~Q, t)
]
= −
∫
d3Np d3Nq ∂tρB,α(t) ln ρB,α(t) ' −
∫
d3Np d3Nq ∂tρB,α(t) ln ρB,α(0)
= −
∫
d3Np d3Nq ∂tρB,α(t) ·
[− 1
Tα
HB,α(~P , ~Q)
]
=
1
Tα
d
dt
〈
HB,α(~P , ~Q)
〉
. (12)
Here we adopted the similar approximation ln ρB,α(~P , ~Q, t) ' ln ρB,α(~P , ~Q, 0) as above, and this result is simply the
classical counterpart of Eq. (9).
Therefore, for classical open systems, the EPr REP in Eq. (7) also can be rewritten as REP = ddt (SS + SB). Further,
since the whole S+B system is an isolated system, its dynamics follows the Liouville equation, thus the Gibbs entropy of
the whole S+B system does not change with time, i.e., ddtSSB = 0. Therefore, the equivalence between the irreversible
entropy production and the system-bath correlation [Eq. (10)] also holds for classical systems. That means, for both
classical and quantum open systems contacting with thermal baths, the second law can be equivalently stated as, the
correlation between the system and its environment, which is measured by their mutual information, always keeps
increasing.
2.3 Master equation representation
Besides the above general discussions, the time-dependent dynamics of the open system, either classical or quantum,
can be quantitively described by a master equation. With the help of the master equations, the above EPr can be further
written in a more detailed form. Here we will show this for both classical and quantum cases.
Classical case: For a classical open system, the interaction with the baths would lead to the probability transition
between its different states, and this dynamics is usually described by the Pauli master equation [37]
p˙n =
∑
α
∑
m
L(α)n m pm − L(α)m n pn, (13)
which is a Markovian process. Here pn is the probability to find the system in state-n (whose energy is En), and L
(α)
n m
is the probability transition rate from state-m to state-n due to the interaction with the thermal bath-α. The back and
forth transition rates between states-m,n should satisfy the following ratio [17, 38]
L
(α)
m n
L
(α)
n m
= exp[− 1
Tα
(Em − En)], (14)
which means the “downward” transition to the low energy state is faster than the “upward” one by a Boltzmann factor.
In the case of only one thermal bath, with this relation, the detailed balance L(α)n m pm − L(α)m n pn = 0 simply leads
to the Boltzmann distribution pn : pm = e−En/T : e−Em/T in the steady state.
If there are multiple thermal baths, the energy average 〈E〉 = ∑n Enpn gives an energy-flow conservation relation
∂t〈E〉 =
∑
α
Jα, Jα :=
∑
m,n
(L(α)n m pm − L(α)m n pn)En, (15)
3Due to the integration over ~P and ~Q, the functional SG
[
ρB,α(~P , ~Q, t)
]
does not explicitly contain ~P and ~Q, thus d
dt
SG =
[
∂t + ~˙P · ∂~P +
~˙Q · ∂~Q
]
SG = ∂tSG. This also applies for the average expectations like
〈
HB,α(~P , ~Q)
〉
.
6
thus Jα is the heat current flowing into the system from bath-α (Q˙α). We can put these relations, as well as the Gibbs
entropy of the system SG = −
∑
n pn ln pn, into the above EPr (7), obtaining [39]
REP =
∑
α
∑
m,n
−(L(α)n m pm − L(α)m n pn) ln pn −
En
Tα
(L(α)n m pm − L(α)m n pn)
=
∑
α
∑
m,n
1
2
(L(α)n m pm − L(α)m n pn)(ln
e−En/Tα
pn
− ln e
−Em/Tα
pm
)
=
∑
α
∑
m,n
1
2
(L(α)n m pm − L(α)m n pn) ln
(
L(α)n m pm/L
(α)
m n pn
)
. (16)
Notice that each summation term must be non-negative, thus we always have REP ≥ 0, which is just consistent with
the above second law statement that the irreversible entropy keeps increasing. REP = 0 holds only when L
(α)
n m pm =
L
(α)
m n pn for any α, and this is possible only when all the baths have the same temperature, which means the thermal
equilibrium. Otherwise, in the steady state, although it is time-independent, there still exists non-equilibrium flux
flowing across the system, and that is indicated by REP > 0.
Quantum case: For a quantum system weakly coupled with the multiple thermal baths, usually its dynamics can be
described by the GKSL (Lindblad) equation [40, 41],
˙ˆρ = i[ρˆ, HˆS] +
∑
α
Lα[ρˆ]. (17)
where ρˆ is the system state and Lα[ρˆ] describes the dissipation due to bath-α. Using the von Neumann entropy
SV[ρˆ] = −tr[ρˆ ln ρˆ] and heat current Q˙α = tr
[
HˆS ·Lα[ρˆ]
]
, the EPr (7) can be rewritten as the following Spohn formula
[39, 42–47]
REP = −tr
[
˙ˆρ ln ρˆ
]
+
∑
α
tr
[Lα[ρˆ] · ln ρˆ(α)ss ]
=
∑
α
tr
[
(ln ρˆ(α)ss − ln ρˆ)Lα[ρˆ]
]
:= RSp. (18)
Here ρˆ(α)ss satisfies Lα[ρˆ(α)ss ] = 0, and we call it the partial steady state associated with bath-α. If the system only
interacts with bath-α, then ρˆ(α)ss should be its steady state when t ! ∞. Clearly, ρˆ(α)ss should be the thermal state
(∼ exp[−HˆS/Tα]) when bath-α is the canonical thermal one with temperature Tα, and the term χα := tr
[Lα[ρˆ] ·
ln ρˆ
(α)
ss
]
= −Q˙α/Tα is the corresponding exchange of thermal entropy.
The positivity of RSp is not so obvious as the classical case (16), but still we can prove RSp ≥ 0, if the master
equation (17) has the standard GKSL form (see the proof in Appendix of Ref. [16] or Ref. [42, 43]). The GKSL form
of the master equation (17) indicates it describes a Markovian process [40, 41, 48], which is similar like the above
classical case. Again this is consistent with the above discussions about the second law statement.
Remark: In the above discussions, we all focused on the case that the baths are canonical thermal ones. As a result, in
the above master equations, the transition rate ratios (14) appear as the Boltzmann factors, and the partial steady states
ρˆ
(α)
ss of the system are the canonical thermal states. Strictly speaking, only for canonical thermal baths, the temperature
T is well defined, and the thermal entropy dSe = d¯Q/T can be applied, as well as the above EPr (7), which is the
starting point to derive the master equation representations Eqs. (16, 18).
If the baths are non-thermal states, there is no well-defined temperature, thus the above EPr in the standard ther-
modynamics in Sec. 2.1, especially the thermal entropy dSe = dQ/T , does not apply. But master equations still can
be used to study the dynamics of such systems. Due to the interaction with non-thermal baths, the transition rate ratios
(14) do not need to be the Boltzmann factors, but we can verify the last line of Eq. (16) still remains positive. Thus
Eq. (16) can be regarded as a generalized EPr beyond the standard thermodynamics, however, now it is unclear to tell
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its physical meaning, as well as its relation with the non-thermal bath.
The quantum case has the same situation. If the master equation (17) comes from non-thermal baths, the partial
steady state ρˆ(α)ss would not be the thermal state with the temperature of bath-α, but the Spohn formula [last line of
Eq. (18)] still remains positive [16, 42, 43]. However, in this case the physical meaning of the Spohn formula (18) is
not clear now.
In the following example of an open quantum system interacting with non-thermal baths, we will show that, al-
though it is beyond the applicable scope of the standard thermodynamics, the Spohn formula (18) is still equal to the
production rate of the system-bath correlation, which is the same as the thermal bath case in Sec. 2.2, and the term
χα = tr
[Lα[ρˆ] · ln ρˆ(α)ss ] is just equal to the informational entropy change of bath-α.
2.4 Contacting with squeezed thermal baths
When the heat baths contacting with the system are not canonical thermal ones, it is possible to construct a heat engine
that “seemingly” works beyond the Carnot bound. For example, in an optical cavity, a collection of atoms with non-
vanishing quantum coherence can be used to generate light force to do mechanical work by pushing the cavity well
[49]; a squeezed light field can be used to as the reservoir for an harmonic oscillator which expands and compresses
as a heat engine [50]. In these studies, it seems that the efficiency of the heat engine could be higher than the Carnot
bound ηC = 1 − Tc/Th. However, since the baths are not canonical thermal ones, the parameter T can no longer be
regarded as the well defined temperature. As we have emphasized, such kind of systems are indeed not within the
applicable scope of the standard thermodynamics, therefore they do not need to obey the second law inequalities that
are based on canonical thermal baths [51].
In this non-thermal bath case, the thermal entropy dSe = d¯Q/T does not apply, but the information entropy is still
well defined. Now we study the system-bath mutual information when the baths are non-thermal states. We consider
an example of a single mode boson (HˆS = Ωaˆ†aˆ) which is linearly coupled with multiple squeezed thermal baths
(HˆB =
∑
α HˆB,α and HˆB,α =
∑
k ωαk bˆ
†
αk bˆαk), and they interact through VˆSB =
∑
α gαkaˆ
†bˆαk + g∗αkaˆbˆ
†
αk. The initial
states of the baths are squeezed thermal ones,
ρˆB,α(0) =
1
Zα
exp
[− 1
Tα
SˆαHˆB,αSˆ†α
]
, (19)
Sˆα :=
∏
k
exp[
1
2
λ∗αk bˆ
2
αk − h.c.], λαk = rαke−iθαk ,
where Sˆα is the squeezing operator for bath-α. Below we will use the master equation to calculate the Spohn formula
(18), and compare it with the result by directly calculating the bath entropy change. We will see, in this non-thermal
case, the Spohn formula (18) is still equal to the increasing rate of the correlation between the system and the squeezed
baths.
Master equation: We first look at the dynamics of the open system alone. The total S+B system follows the von
Neumann equation ∂tρˆSB(t) = i[ρˆSB(t), HˆS+B]. Based on it, after the Born-Markovian approximation [38, 52], we
can derive a master equation ˙ˆρS =
∑
α Lα[ρˆS] for the open system ρˆS(t) (interaction picture), where (see the detailed
derivation in Ref. [16])
Lα[ρˆS] = γα
[
nα
(
aˆ†ρˆSaˆ− 1
2
{aˆaˆ†, ρˆS}
)
+ (nα + 1)
(
aˆρˆSaˆ
† − 1
2
{aˆ†aˆ, ρˆS}
)
− uα
(
aˆ†ρˆSaˆ† − 1
2
{(aˆ†)2, ρˆS}
)− u∗α(aˆρˆSaˆ− 12{aˆ2, ρˆS})]. (20)
Here nα := (nα,Ω + 12 ) cosh 2rαΩ − 12 , uα := eiθαΩ(nα,Ω + 12 ) sinh 2rαΩ, and nα,Ω := [exp(Ω/Tα) − 1]−1 is
the Planck function. The decay factor γα := Jα(Ω) = Kα(Ω) is defined from the coupling spectrums Jα(ω) :=
2pi
∑
k |gαk|2δ(ω−ωαk) andKα(ω) := 2pi
∑
k g
2
αkδ(ω−ωαk). And we have omitted the phase of gαk, thusKα(ω) =
8
K∗α(ω) = Jα(ω). From this master equation, we obtain
d
dt
〈a˜(t)〉 = −
∑
α
1
2
γα〈a˜〉, d
dt
〈a˜2〉 = −
∑
α
γα[〈a˜2〉 − uα],
d
dt
〈a˜†a˜〉 = −
∑
α
γα[〈a˜†a˜〉 − nα]. (21)
Here 〈o˜(t)〉 := tr[ρˆSoˆ(t)] gives variables in the rotating frame4.
For this master equation, the partial steady state ρˆ(α)ss associated with bath-α, which satisfies Lα[ρˆ(α)ss ] = 0, is a
squeezed thermal one,
ρˆ(α)ss =
1
Zα
exp[− Ω
Tα
· Sˆαaˆ†aˆSˆ†α], (22)
Sˆα := exp[−(1
2
ζ∗αaˆ
2 − h.c.)], ζα = λαk
∣∣
ωk=Ω
:= rαe
iθα ,
where Sˆα is the squeezing operator. Now we can put this result into the Spohn formula (18), then the term χα =
tr
[Lα[ρˆ] · ln ρˆ(α)ss ] gives
χα =
Ω
Tα
· γα
(
cosh 2rα · [〈a˜†a˜〉 − nα]− 1
2
sinh 2rα[e
−iθα(〈a˜2(t)〉 − uα) + h.c.]
)
. (23)
When there is no squeezing (rα = 0), this equation exactly returns to the thermal bath result χα = − 1Tα ddt [Ω〈a˜†a˜〉] =
−Q˙α/Tα [see Eq. (21)], which is the exchange of the thermal entropy. However, due to the quantum squeezing in the
bath, clearly this χα term is no longer the thermal entropy, and now it looks too complicated to tell its physical meaning.
Below, we are going to show that here this χα term is just the informational entropy changing of bath-α.
Bath entropy dynamics: Now we calculate the entropy change S˙B,α of bath-α directly by adopting the similar ap-
proximation as Eq. (9), and that gives
S˙B,α ' −tr
[
˙ˆρB,α(t) ln
( 1
Zα
exp
[− 1
Tα
SˆαHˆB,αSˆ†α
])]
=
∑
k
ωαk
Tα
(
cosh 2rαk · d
dt
〈b˜†αk(t)b˜αk(t)〉+
1
2
sinh 2rαk[e
−iθαk · d
dt
〈b˜2αk(t)〉+ h.c.]
)
. (24)
Unlike the thermal baths case in Eq. (9), here it is not easy to see how the bath entropy dynamics S˙B,α is related the
system dynamics. But notice that S˙B,α is simply determined by the time derivative of the bath operator expectations
like 〈b˜†αk(t)b˜αk(t)〉 and 〈b˜2αk(t)〉, which can be further calculated by Heisenberg equations. After certain Markovian
approximation, in the weak coupling limit (γα  Ω), we can prove the following relation (see the detailed proof in
Ref. [16]), ∑
k
fk · d
dt
〈b˜†αk b˜αk〉 ' f(ωk ! Ω) · γα[〈a˜†a˜〉 − nα] = −tr
{
f(Ω)a˜†a˜ · Lα[ρ]
}
, (25)
∑
k
hk · d
dt
〈b˜2αk〉 ' −h(ωk ! Ω) · γα[〈a˜2〉 − uα] = tr
{
h(Ω)a˜2 · Lα[ρ]
}
,
where fk and hk are the summation weights associated with the bath mode bˆαk.
These two relations well connects the dynamics of bath-α (left sides) with that of the open system (right sides).
For example, let fk = ωαk, then the above relation becomes ddt [
∑
k ωαk〈b˜†αk b˜αk〉] ' −tr
(
Ωa˜†a˜ · Lα[ρ]
)
, which is
4Here ρˆS is in the interaction picture, and oˆ is in the Schrödinger picture, thus we have 〈aˆ(t)〉 = 〈a˜(t)〉e−iΩt, where 〈oˆ(t)〉 is the observable
expectation independent of pictures, and 〈o˜(t)〉 is the value in the rotating frame.
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just the heat emission-absorption relation ddt 〈HˆB,α〉 = −Q˙α, and we have utilized it in the discussion below Eq. (9).
To calculate the above entropy change Eq. (24) for the squeezed thermal bath, let fk = 1Tαωαk cosh 2rαk, hk =
1
2Tα
ωαke
−iθαk sinh 2rαk, then we obtain
S˙B,α =
Ω
Tα
· γα
(
cosh 2rα · [〈a˜†a˜〉 − nα]− 1
2
sinh 2rα[e
−iθα(〈a˜2(t)〉 − uα) + h.c.]
)
. (26)
This result exactly equals to the term χα = tr
[Lα[ρ] ln ρ(α)ss ] in the above Spohn formula [see Eq. (23)]. Therefore,
in this non-thermal bath case, the changing rate of the system-bath mutual information is just equal to the Spohn
formula (18),
d
dt
ISB = S˙S +
∑
α
S˙B,α = RSp ≥ 0, (27)
thus its positivity is still guaranteed [16].
That means, although the non-thermal baths are beyond the applicable scope of the standard thermodynamics,
namely, dSi = dS−
∑
α d¯Qα/Tα ≥ 0 does not apply, the system-bath correlation ISB still keeps increasing monotoni-
cally like in the thermal bath case (Sec. 2.2). Therefore, this system-bath correlation production may be a generalization
for the irreversible entropy production which also applies for the non-thermal cases. Tracing back to the original con-
sideration of the irreversible entropy change [Eq. (3)], it turns out the term−dSe can also be regarded the informational
entropy change of the bath, and it gives the relation dSe = d¯Q/T in the special case of canonical thermal bath.
2.5 Discussions
Historically the Spohn formula was first introduced by considering the distance between the system state ρˆ(t) and
its final steady state ρˆss, which is measured by their relative entropy S[ρˆ(t) ‖ ρˆss] := −tr
[
ρˆ(t) · (ln ρˆ(t) − ln ρˆss)
]
(Spohn [42]). When t ! ∞, ρˆ(t) ! ρˆss, and this distance decreases to zero. Thus, for a Markovian master equation
∂tρˆ = L[ρˆ], the EPr is defined from the time derivative of this distance, i.e.,
σ := − d
dt
S[ρˆ(t) ‖ ρˆss] = tr
[
(ln ρˆss − ln ρˆ)L[ρˆ]
]
. (28)
Therefore, this EPr-σ serves as a Lyapunov index for the master equation. It was proved that σ ≥ 0, and σ = 0 when
t!∞. When there is only one thermal bath, this EPr-σ returns to the thermodynamics result, σ = S˙ − Q˙/T .
However, when the open system contacts with multiple heat baths as described by the master equation (17), denot-
ing L[ρˆ] = ∑α Lα[ρˆ], the above EPr-σ still goes to zero when t ! ∞. Thus it does not tell the difference between
achieving the equilibrium state or the stationary non-equilibrium state [see the example of Eq. (6)]. Later (Spohn,
Lebowitz [43]), this EPr-σ was generalized to be the form of Eqs. (7, 18), and its positivity can be proved by the similar
procedure given in the previous study (Spohn [42]).
In the standard thermodynamics, the second law statement dSi ≥ 0 requires a monotonic increase of the irreversible
entropy, not only comparing with the initial state. Notice that in the proof for the positivity of the EPr, the Markovianity
is necessary for both classical and quantum cases. If the master equation of the open system is non-Markovian, it is
possible that there exist certain periods where REP < 0, which means the decrease of the irreversible entropy (or the
system-bath correlation). When comparing EPr with the standard thermodynamics, a coarse-grained time scale is more
proper (which usually means the Markovian process), thus REP < 0 may be acceptable if it appears only in short time
scales.
In the above discussions, clearly the most important part is how to calculate the bath entropy dynamics directly.
This is usually quite difficult since the bath contains infinite DoF. The above calculation can be done mainly thanks to
the approximation S˙B ' −tr[ ˙ˆρB(t) ln ρˆB(0)]. The results derived thereafter are consistent with the previous conclusions
in thermodynamics, but still we need more examination about the validity of this approximation.
There are few models of open system that are exactly solvable for this examination. In Ref. [23], the bath entropy
dynamics was calculated when a two-level-system (TLS) is dispersively coupled with a squeezed thermal bath. In this
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problem, the density matrix evolution of each bath mode can be exactly solved. The state of each bath mode is the
probabilistic summation of two displaced Gaussian states %ˆk(t) = p+%ˆ+k (t) + p−%ˆ
−
k (t), which keep separating and
recombining periodically in the phase space. Thus the exact entropy dynamics can be calculated and compared with
the result based on the above approximation.
It turns out the above approximation fits the exact result quite well in the high temperature area; in the low temper-
ature area, the approximated result diverges to infinity when T ! 0, but the exact result remains finite. This is because
in the high temperature area, this %ˆk(t) can be better approximated as a single Gaussian state when the separation of
%ˆ±k (t) is quite small; while in the low temperature area, the uncertainty of %ˆk(t) mainly comes from the probabilities
p± but not the entropy in the Gaussian states %ˆ±k . Namely, in the low temperature area, the influence from the system
to the bath is bigger, especially for nonlinear systems like the TLS. If the bath states cannot be well treated as Gaussian
ones, the above approximation is questionable, and how to calculate the bath entropy in this case remains an open
problem.
3 The entropy in the ideal gas diffusion
In the above discussions about the correlation production between the open system and its environment, we utilized an
important condition, i.e., the whole S+B system is an isolated system, thus its entropy does not change with time. In the
quantum case, the whole S+B system follows the von Neumann equation ∂tρˆSB = i[ρˆSB, HˆS+B], thus the von Neumann
entropy SV[ρˆSB] = −tr[ρˆSB ln ρˆSB] does not change during the unitary evolution. Likewise, in the classical case, the
whole system follows the Liouville equation ∂tρSB = −{ρSB, HS+B}, thus the Gibbs entropy SG[ρ] = −
∑
n pn ln pn
keeps a constant.
But still this is quite counter-intuitive comparing with our intuition of the macroscopic irreversibility. For example,
considering the diffusion process of an ideal gas as we mentioned in the very beginning (Fig. 1), although there are no
particle interactions and the dynamics of the whole system is well predictable, still we could see the diffusion proceeds
irreversibly, and would finally occupy the whole volume uniformly.
In this section, we will show this puzzle also can be understood in the sense of correlation production. In open
systems, we have seen it is the system-bath correlation that increases, while the total S+B entropy does not change. In
an isolated system, there is no partition for “system” and “bath”, but we will see it is the correlation between different
DoF, e.g., position-momentum, and particle-particle, that increases monotonically, while the total entropy does not
change [4, 27].
3.1 Liouville dynamics of the ideal gas diffusion
Here we make a full calculation on the phase-space evolution of the above ideal gas diffusion process in classical
physics, so as to examine the dynamical behavior of the microstate, as well as its entropy.
Since there is no interaction between particles, the dynamics of the 3N DoF are independent from each other, the
total N -particle microstate PDF can be written as a product form, i.e., ρ(~P , ~Q, t) =
∏
i,σ %(p
σ
i , q
σ
i , t) (σ = x, y, z)
5,
thus this problem can be reduced to study the PDF of a single DoF %(p, x, t). Correspondingly, the Liouville equation
is
∂t% = −{%, H} = −∂%
∂x
∂H
∂p
+
∂%
∂p
∂H
∂x
= − p
m
∂x%, (29)
where H = p2/2m is the single DoF Hamiltonian.
This equation is exactly solvable, and the general solution is Φ(p, x − pm t). The detailed form of the function
Φ(· · · , · · · ) should be further determined by the initial and boundary conditions. We assume initially the system starts
from an equilibrium state confined in the area x ∈ [a, b], namely
%(p, x, 0) = Λ(p)×Π(x). (30)
5Assuming there is no initial correlation between different DoF.
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%˜(0) %˜(+1) %˜(+2)%˜(−1)%˜(−2)
−L−2L 0 L 2L 3L
(a)
(b)
Figure 3: Demonstration for how the solutions are constructed for (a) periodic and (b) reflecting boundary conditions.
The free space is cut into intervals of length L, and each contributes an “image” source. The solution is all their
summation in x ∈ [0, L] [blue line in (a)].
Here Λ(p) = 1Z exp[−p2/2p¯2T ] is the MB distribution, with p¯2T /2m = 12kBT as the average kinetic energy, and
Z =
√
2pi p¯T is a normalization factor. Π(x) is the initial spatial distribution [Fig. 4(a)]
Π(x) =
{
1
b−a , a ≤ x ≤ b,
0, elsewhere.
(31)
Such a product form of %(p, x, 0) indicates the spatial and momentum distributions have no correlations in priori.
For the diffusion in free space x ∈ (−∞,∞), the time-dependent solution is
%F(p, x, t) = Λ(p)Π(x− p
m
t), (32)
which satisfies both the Liouville equation (29) and the initial condition (30).
For a confined area x ∈ [0, L] with periodic boundary condition %(p, 0, t) = %(p, L, t), the solution can be con-
structed with the help of the above free space one, i.e.,
%(p, x, t) =
∞∑
n=−∞
%F(p, x+ nL, t), 0 ≤ x ≤ L. (33)
Here %F(p, x + nL, t) can be regarded as the periodic “image” solution in the interval [nL, nL + L] [Fig. 3(a)] [35].
Clearly, Eq. (33) satisfies the periodic boundary condition, as well as the initial condition (30), and it is simple to
verify each summation term satisfies the above Liouville equation (29), thus Eq. (33) describes the full microstate PDF
evolution in the confined area x ∈ [0, L] with periodic boundary condition.
From these exact solutions (32, 33), it is clear to see the microstate PDF %(p, x, t) can no longer hold the separable
form like fx(x, t)× fp(p, t) once the diffusion starts, thus indeed it is not evolving towards any equilibrium state, since
an equilibrium state must have a separable form similar like the initial condition (30) [see also Fig. 4(a)].
In Fig. 4 we show the microstate PDF %(p, x, t) at different times. As the time increases, the “stripe” in Fig. 4(a)
becomes more and more inclined; once exceeding the boundary, it winds back from the other side due to the periodic
boundary condition and generates a new “stripe” [Fig. 4(c)]. After very long time, more and more stripes appear, much
denser and thinner, but they would never occupy the whole phase space continuously [Fig. 4(d, e)].
Fig. 4(e) shows the conditional PDF of the momentum when the position is fixed at x = L/2 [the vertical dashed
line in Fig. 4(d)]. In the limit t ! ∞, it becomes an exotic function discontinuous everywhere, but not the MB
distribution. All these features indicate that, during this diffusion process of the isolated ideal gas, indeed the ensemble
is not evolving towards the new equilibrium state as expected in the macroscopic intuition. Even after long time
relaxation, the microstate PDF %(p, x, t!∞) is not approaching the equilibrium state.
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3.2 Spatial and momentum distributions
Even after long time relaxation, the ideal gas would not achieve the new equilibrium state. This result looks counter-
intuitive, since clearly we can see the particles spread all over the box uniformly after long enough time relaxation.
However, we must notice that the fact “spreading all over the box uniformly” is implicitly focused on the position
distribution Px(x, t) alone, but not the whole ensemble state %(p, x, t). As a marginal distribution of %(p, x, t), the
spatial distribution Px(x, t) ! 1/L does approach the new uniform one as its steady state [Fig. 4(d)], and now we
show indeed this is true for any initial state of Π(x) [4, 27].
We first consider the initial spatial distribution is a δ-function concentrated at x0, Π(x) = δ(x−x0). Since we have
obtained the analytical results (32, 33) for the ensemble evolution %(p, x, t), the spatial distributionPx(x, t) emerges
as its marginal distribution by averaging over the momentum:
Px(x, t) =
∫ ∞
−∞
dp %(p, x, t) =
∫ ∞
−∞
dp
∞∑
n=−∞
1
Z
exp[− p
2
2p¯2T
]× δ(x+ nL− x0 − p
m
t)
=
∞∑
n=−∞
m
Zt
exp
[− 1
2v¯2T t
2
(x+ nL− x0)2
]
, (34)
where v¯T := p¯T /m. With the increase of time t, these Gaussian terms becomes wider and lower [Fig. 3(a)]. Therefore,
when t!∞, the spatial distributionPx(x, t) always approaches the uniform distribution in x ∈ [0, L].
Any initial spatial distribution can be regarded as certain combination of δ-functions, i.e., Π(x) =
∫
dx0 Π(x0)δ(x−
x0). Therefore, for any initial Π(x), the spatial distributionPx(x, t) always approaches the uniform one as its steady
state. In this sense, although the underlying Liouville dynamics obeys the time-reversal symmetry, the “irreversible”
diffusion appears into our sight.
On the other hand, Pp(p, t) never changes with time, and always maintains its initial distribution, which can be
proved by simply changing the integral variable:
Pp(p, t) =
∫ L
0
dx
∞∑
n=−∞
Λ(p)Π(x+ nL− p
m
t)
=
∫ ∞
−∞
dxΛ(p)Π(x− p
m
t) = Λ(p). (35)
This is all because of the periodic boundary condition, and the particles always move freely. If the particles can be
reflected back at the boundaries, this momentum distribution would also change with time.
3.3 Reflecting boundary condition
Now we consider the reflecting boundary condition. In this case, when the particles hit the boundaries at x = 0, L,
their positions do not change, but their momentum should be suddenly changed from p to −p. Correspondingly, the
analytical result for the ensemble evolution can be obtained by summing up the “reflection images” [Fig. 3(b)], i.e.,
%(p, x, t) = %˜(0)(p, x, t) +
∞∑
n=1
%˜(−n)(p, x, t) + %˜(+n)(p, x, t), for x ∈ [0, L],
%˜(−n)(p, x, t) := R0
[
%˜[+(n−1)](−p, x, t)], %˜(+n)(p, x, t) := RL[%˜[−(n−1)](−p, x, t)]. (36)
Here %˜(0)(p, x, t) = %F(p, x, t), and Ra[f(p, x)] := f(p, 2a − x) means making a mirror reflection to the function
f(p, x) along the axis x = a. Clearly, each summation term %˜(−n) can be regarded as shifted from %F(p, x, t) or its
mirror reflection, thus they all satisfy the differential relation in the Liouville equation (29).
To verify the boundary condition, consider a diffusing distribution in x ∈ [0, L], initially described by %˜(0)(p, x, t).
As the time increases, it diffuses wider and even exceeds the box range [0, L]. The exceeded part should be reflected at
the boundaries x = 0, L as the next order %˜(±1), and added back to the total result %(p, x, t). This procedure should be
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t = 0.03τ¯L
t = 0.2τ¯L t = 3τ¯L Px(x)→ 1L
Pp(p)
Figure 4: (Color online) (a-d) The distribution %(p, x, t) in phase space at different times (τ¯L := mL/p¯T as the
time unit). As the time increases, Pp(p) does not change, but Px(x, t) approaches the new uniform distribution in
x ∈ [0, L]. (e) The conditional distribution at a fixed position %(p, x = L/2) [vertical dashed line in (d)].
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Figure 5: (Color online) (a-d) %(p, x, t) under reflecting boundary condition, as well as its spatial and momentum
distributions. (e) The momentum distribution from (d), and its difference (lower blue) with the initial MB one (green
dashed lines).
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Figure 6: The increase of the correlation entropy ∆iS for the (a) periodic and (b) reflecting boundary cases. (c) The
evolution of odd moments 〈pn〉t under reflecting boundary condition (the values are normalized by their maximum
amplitudes for comparison). The unit τ¯L := mL/p¯T is the time for a particle with average kinetic energy p¯2T /2m to
pass L.
done iteratively, namely, when the term %˜(±n) exceeds the boundaries, it generates the reflected term %˜[∓(n+1)] as the
next summation order [Fig. 3(b)].
Therefore, this result is quite similar to the above periodic case, except reflection should be made to certain summa-
tion terms. Based on the same reason as above, each summation term becomes more and more flat during the diffusion,
thus the spatial distributionPx(x, t) always approaches the new uniform one as its steady state [4].
The ensemble evolution is shown in Fig. 5(a-d), which is quite similar with the above periodic case. Again, %(p, x, t)
is indeed not evolving towards the equilibrium state. A significant difference is the momentum distributionPp(p, t)
now varies with time. This is because the collision at the boundaries changes the momentum direction, thus 〈p〉 is no
longer conserved, although the kinetic energy 〈p2〉 does not change (as the momentum amplitude).
Notice that the reflection “moves” the probability of momentum p to the area of −p, therefore, we see that some
“areas” of Pp(p, t) are “cut” off from the initial MB distribution, and “added” to its mirror position along p = 0
[especially Fig. 5(c, d)]. ThusPp(p, t) is different from the initial MB distribution.
Since the reflection transfers the probability of p to its mirror position−p, the difference δPp(t) :=Pp(t)−Pp(0)
is always an odd function [lower blue in Fig. 5(e)]. As a result, the even moments 〈p2n〉 ofPp(t) are the same with
the MB distribution, but the odd ones 〈p2n+1〉 are changed.
As the time increases, more and more “stripes” appear in Pp(p, t), much thinner and denser. As a result, when
calculating the odd orders 〈p2n+1〉, the contributions from the nearest two stripes in δPp(t) (who have similar p
values), positive and negative, tends to cancel each other [lower blue in Fig. 5(e)]. Therefore, in the limit t ! ∞, the
odd orders 〈p2n+1〉 also approach the same value of the original MB distribution (zero) [Fig. 6(c)].
Therefore, in the long time limit,Pp(p, t!∞) approaches an exotic function discontinuous everywhere, which is
different from the initial MB distribution, but all of its moments 〈pn〉 have the same values as the initial MB distribution
[53, 54]. In usual experiments, practically it is difficult to tell the difference of these two different distributions [9].
3.4 Correlation entropy
From the above exact results for the ensemble evolution, we have seen that the macroscopic appearance of the new
uniform distribution is indeed only about the spatial distribution, which just reflects the marginal information of the
whole state %(p, x, t), thus this macroscopic appearance is not enough to conclude whether %(p, x, t) is approaching
the new equilibrium state with entropy increase.
However, in practical experiments, the full joint distribution %(p, x) is difficult to be measured directly. Usually
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it is the spatial and momentum distributions Px(x) and Pp(p) that are directly accessible for measurements, e.g.,
by measuring the gas density and pressure. Therefore, based on these two marginal distributions, we may “infer” the
microstate PDF as [7, 25, 55]
%˜inf(p, x, t) :=Px(x, t)×Pp(p, t), (37)
which indeed neglected the correlation between these two marginal distributions. As a result, in the long time limit,
Px(x, t) ! 1/L approaches the new uniform distribution, while Pp(x, t) “behaves” similarly like the initial MB
distribution, thus this inferred state %˜inf(p, x, t!∞) just looks like a new “equilibrium state”.
The entropy change of this inferred state is
∆iS(t) :=SG[%˜inf(t)]− SG[%˜inf(0)]
=
{
Sx[Px(t)] + Sp[Pp(t)]− SG[%(t)]
}
−
{
Sx[Px(0)] + Sp[Pp(0)]− SG[%(0)]
}
, (38)
where SG[%(t)] = SG[%(0)] is guaranteed by the Liouville dynamics, and
Sx[Px(x, t)] := −
∫ L
0
dxPx(x, t) lnPx(x, t),
Sp[Pp(p, t)] := −
∫ ∞
−∞
dpPp(p, t) lnPp(p, t). (39)
Notice that the term Sx + Sp − SG := Ixp in Eq. (38) is just the mutual information between the marginal distributions
Px(x, t) and Pp(p, t), which is the measure for their correlation [36, 56] (see the discussion about the entropy for
continuous PDF in Appendix A).
Therefore, here ∆iS just describes the correlation increase between the spatial and momentum distributions. During
the diffusion process, this correlation entropy ∆iS(t) increases monotonically for both periodic and reflecting boundary
cases [Fig. 6(a, b)]. Notice that this is quite similar with the above discussions about open systems, namely, the total
entropy does not change, while the correlation entropy increases “irreversibly” [13–16, 23–25, 29–31].
For the periodic boundary case, Pp(p) does not change, and Px(x) approaches the uniform distribution after
long time, thus the above entropy increase (38) gives ∆iS = ln(L/L0), where L0 := b − a is the length of the
initially occupied area. When considering the full N -particle state of the ideal gas, the corresponding inferred state is
ρ˜inf(~P , ~Q) =
∏
i,σ %˜inf(p
σ
i , q
σ
i ), thus it gives the entropy increase as ∆iS = N ln(V/V0). Notice that this result exactly
reproduces the above thermodynamic entropy increase as mentioned in the beginning of this section [Fig. 6(a)] (these
conclusions still hold in the thermodynamics limit V !∞, since the system sizes always appear in ratios, e.g., V/V0).
For the reflecting boundary case, Px(x) ! 1/L still holds and gives ∆Sx = ln(L/L0), but now Pp(p) varies
with time. Moreover, it is worthwhile to notice that ∆Sp[Pp] is decreasing with time [Fig. 6(b)], which looks a little
counter-intuitive. The reason is, as we mentioned before, the boundary reflections change the momentum directions
and so as the distribution Pp(p), but the average energy 〈p2〉 does not change, thus the thermal distribution (which
is the initial distribution) should have the maximum entropy [20, 55]. Therefore, during the evolution, the deviation
of Pp(p, t) from the initial MB distribution leads to the decrease of its entropy ∆Sp[Pp]. However, clearly this is
quite difficult to be sensed in practice, and the total correlation entropy change ∆iS = ∆Sx + ∆Sp still increases
monotonically.
3.5 Resolution induced coarse-graining
Historically, the problem of the constant entropy from the Liouville dynamics was first studied by Gibbs [3]. To
understand why the entropy increases in the standard thermodynamics, he noticed that, if we change the order of
taking limit when calculating the “ensemble volume” (the entropy), the results are different. Usually, at a certain time
t, the phase space is divided into many small cells with a finite volume εV , and we make summation from all these
cells, then let the cell size εV ! 0. That gives the result of constant entropy. But if we keep the cell size finite, and let
the time t!∞ first, then let the cell size εV ! 0, that would give an increasing entropy.
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Figure 7: (a) The exact distribution Pp(p) (blue) and its coarse-grained distribution P˜p(p) (orange histogram) at
t = 7τ¯L, which is quite close to the MB one. (b) The entropy change calculated by the coarse-grained distribution
P˜p(p), where the solid gray line is calculated from the exactPp(p) for comparison. The parameters are the same with
those in Fig. 6.
This idea is now more specifically described as the “coarse-graining” [3, 4, 8]. The “coarse-grained” ensemble
state ρ˜c.g.(~P , ~Q) is obtained by taking the phase-space average of the exact one ρ(~P , ~Q) over a small volume around
each point (~P , ~Q), namely,
ρ˜c.g.(~P , ~Q) :=
∫
εV
d3NP d3NQρ(~P , ~Q)
/
εV . (40)
Here εV is the small volume around the point (~P , ~Q) in the phase space. From Fig. 4(d) and Fig. 5(d), we can see after
long time relaxation, the coarse-grained ρ˜c.g.(~P , ~Q) could approach the equilibrium state.
In practical measurements, there always exists a finite resolution limit, and that can be regarded as the physical
origin of coarse-graining. When measuring a continuous PDF P (x), we should first divide the continuous area x ∈
[0, L] into N intervals, and then measure the probability that appears in the interval between xn and xn + ∆x, which
is denoted as pn = P (xn)∆x. In the limit ∆x! 0, the histogram P (xn) becomes the continuous probability density
(see also Appendix A).
Here ∆x is determined by the measurement resolution, but practical measurements always have a finite resolution
limit ∆x & δx˜, thus cannot approach 0 arbitrarily. Therefore, the fine structure within the minimum resolution interval
δx˜ of the continuous PDF P (x) cannot be sensed in practice. However, usually P (x) is assumed to be a smooth
function within this small interval, thus indeed P (x) is coarse-grained by its average value in this small region, and the
resolution limit δx˜ practically determines the coarse-graining size.
Remember in the reflecting boundary case, the momentum distributionPp(p) approaches an exotic function with a
structure of dense comb and discontinuous everywhere. Therefore, such an exotic structure within the resolution limit
indeed cannot be observed in practice. For a fixed measurement resolution δp˜, there always exists a certain time tδp˜, so
that after t > tδp˜, the “comb teeth” in Fig. 7(a) are finer than the resolution δp˜. And when t tδp˜, the coarse-grained
distribution P˜p(p) (with coarse-graining size δp˜) would well approach the thermal distribution [Fig. 7(b)].
In Fig. 6(c), we have shown that all the moments 〈pn〉 of Pp(p, t ! ∞) have no difference with the initial MB
distribution. Now due to the finite resolution limit, again we have no way to tell the difference between the exotic
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function Pp(p, t ! ∞) and its coarse-graining P˜p(p, t ! ∞), which goes back to the initial MB distribution
[Fig. 7(a)]. In this sense, the momentum distribution Pp(p, t ! ∞) has no “practical” difference with the thermal
equilibrium distribution.
3.6 Entropy “decreasing” process
Now we see the correlation entropy, rather than the total entropy, coincides closer to the irreversible entropy increase in
macroscopic thermodynamics. Here we show it could be possible, although not quite feasible in practice, to construct
an “entropy decrease” process.
To achieve this, we first let the ideal gas experience the above diffusion process with “entropy increase” for a
certain time t∗ (Figs. 4, 5). From the state %(p, x, t∗) at this moment [e.g., Fig. 5(d)], we construct a new “initial state”
by reversing its momentum %′(0) = %(−p, x, t∗). Since the Liouville equation obeys time-reversal symmetry, this new
“initial state” would evolve into %′(t∗) = %(−p, x, 0) after time t∗, which is just the original equilibrium state confined
in x ∈ [a, b] [Fig. 5(a)]. That means, the idea gas exhibits a process of “reversed diffusion”.
During this time-reversal process, the total Gibbs entropy, which contains the full information, still keeps con-
stant. However, the correlation entropy change ∆iS (no matter whether coarse-grained) would exactly experience the
reversed “backward” evolution of Fig. 6, which is an “entropy decreasing” process.
This is just the idea of the Loschmidt paradox [8, 57–60], except two subtle differences: 1. here we are talking
about the ideal gas with no particle collision, but the original Loschmidt paradox was about the Boltzmann transport
equation in the presence of particle collisions; 2. here we are talking about the correlation entropy between the spatial
and momentum distributions, while the Boltzmann equation is about the entropy of the single-particle PDF.
We must notice that such an initial state %′(0) is NOT an equilibrium state, but contains very delicate correlations
between the spatial and momentum distributions [5]. In order to see such a time-reversal process, the initial state
must be precisely prepared to contain such specific correlations between the marginal distributions [Fig. 5(d)], which is
definitely quite difficult for practical operation. Therefore, such an “entropy decrease” process is rarely seen in practice
(except some special cases like the Hahn echo [61] and back-propagating wave [62, 63]).
4 The correlation in the Boltzmann equation
In the above section, we focused on the diffusion of the ideal gas with no inter-particle interactions, and the initial
momentum distribution has been assumed to be the MB distribution in priori. If the initial momentum distribution is
not the MB one, the particles could still exhibit the irreversible diffusion filling the whole volume, butPp(p, t) would
never become the thermal equilibrium distribution.
If there exist weak interactions between the particles, as shown by the Boltzmann H-theorem, the single-particle
PDF f(p, r, t) could always approach the MB distribution as its steady state, together with the irreversible entropy
increase. And in this case, the above “coarse-graining” is not needed for f(p, r, t) to approach the thermal equilibrium
distribution.
Notice that, in the Boltzmann H-theorem, only the single-particle PDF f(p, r, t) is concerned. The total ensem-
ble ρ(~P , ~Q, t) in the 6N -dimensional phase space should still follow the Liouville equation, thus its entropy does not
change with time. Therefore, the H-theorem conclusion also can be understood as the inter-particle correlations are
increasing irreversibly [1, 5, 32]. Again, this is quite similar like the correlation understanding in the last two sec-
tions, and here the inter-particle correlation entropy could well reproduce the entropy increase result in the standard
macroscopic thermodynamics.
The debates about the Boltzmann H-theorem started ever since its birth. The most important one must be the
Loschmidt paradox raised in 1876: due to the time-reversal symmetry of the microscopic dynamics of the particles,
once their momentums are reversed at the same time, the particles should follow their incoming paths “backward”,
which is surely a possible evolution for the microstate; however, if the entropy of f(p, r, t) must increase (according
to the H-theorem), then the corresponding “backward” evolution must give an entropy decreasing process, which is
contradicted with the H-theorem conclusion.
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<latexit sha1_base64="9FlbRgekH5zwHqFr7E1XmBaHLWo=" >AAACmHicdVFNTxsxEHW2QCHlK/RWLhZRpJ7QbgQCbpF6gN4oEECCVeR1ZoOF17bs2TbRKuov4Aq/rf+m3iVIbIA5Pb33xjPjlxgpH Ibhv0bwaWFx6fPySvPL6tr6xmZr69Lp3HLocy21vU6YAykU9FGghGtjgWWJhKvk/kepX/0G64RWFzgxEGdspEQqOENPnZtBd7DZDnf DquhbEM1Au0ee63TQavy9HWqeZ6CQS+bcTRQajAtmUXAJ0+Zt7sAwfs9GcHMRxUWqFYLidcFDxTJwcVEdMaUdzwxpqi0t/bRiX3cUL HNukiXemTG8c/NaSb6rlYx1qavNL5TgkFrmt2p25t0Gs/G0TueojWDTQsEfHFejaq+lPg8B1j/24fGd2vWYHsaFUCavxOr4NJcUNS1 TokNhgaOceMC4Ff5jKb9jfl30WTaryI6O9vb3y6TmwUtkl93dyONfe+1edxbeMtkmO+Q7icgB6ZETckr6hJMReSCP5Cn4FvSC4+Dns zVozHq+kloFZ/8B+NLP1A==</latexit><latexit sha1_base64="9FlbRgekH5zwHqFr7E1XmBaHLWo=" >AAACmHicdVFNTxsxEHW2QCHlK/RWLhZRpJ7QbgQCbpF6gN4oEECCVeR1ZoOF17bs2TbRKuov4Aq/rf+m3iVIbIA5Pb33xjPjlxgpH Ibhv0bwaWFx6fPySvPL6tr6xmZr69Lp3HLocy21vU6YAykU9FGghGtjgWWJhKvk/kepX/0G64RWFzgxEGdspEQqOENPnZtBd7DZDnf DquhbEM1Au0ee63TQavy9HWqeZ6CQS+bcTRQajAtmUXAJ0+Zt7sAwfs9GcHMRxUWqFYLidcFDxTJwcVEdMaUdzwxpqi0t/bRiX3cUL HNukiXemTG8c/NaSb6rlYx1qavNL5TgkFrmt2p25t0Gs/G0TueojWDTQsEfHFejaq+lPg8B1j/24fGd2vWYHsaFUCavxOr4NJcUNS1 TokNhgaOceMC4Ff5jKb9jfl30WTaryI6O9vb3y6TmwUtkl93dyONfe+1edxbeMtkmO+Q7icgB6ZETckr6hJMReSCP5Cn4FvSC4+Dns zVozHq+kloFZ/8B+NLP1A==</latexit><latexit sha1_base64="9FlbRgekH5zwHqFr7E1XmBaHLWo=" >AAACmHicdVFNTxsxEHW2QCHlK/RWLhZRpJ7QbgQCbpF6gN4oEECCVeR1ZoOF17bs2TbRKuov4Aq/rf+m3iVIbIA5Pb33xjPjlxgpH Ibhv0bwaWFx6fPySvPL6tr6xmZr69Lp3HLocy21vU6YAykU9FGghGtjgWWJhKvk/kepX/0G64RWFzgxEGdspEQqOENPnZtBd7DZDnf DquhbEM1Au0ee63TQavy9HWqeZ6CQS+bcTRQajAtmUXAJ0+Zt7sAwfs9GcHMRxUWqFYLidcFDxTJwcVEdMaUdzwxpqi0t/bRiX3cUL HNukiXemTG8c/NaSb6rlYx1qavNL5TgkFrmt2p25t0Gs/G0TueojWDTQsEfHFejaq+lPg8B1j/24fGd2vWYHsaFUCavxOr4NJcUNS1 TokNhgaOceMC4Ff5jKb9jfl30WTaryI6O9vb3y6TmwUtkl93dyONfe+1edxbeMtkmO+Q7icgB6ZETckr6hJMReSCP5Cn4FvSC4+Dns zVozHq+kloFZ/8B+NLP1A==</latexit><latexit sha1_base64="9FlbRgekH5zwHqFr7E1XmBaHLWo=" >AAACmHicdVFNTxsxEHW2QCHlK/RWLhZRpJ7QbgQCbpF6gN4oEECCVeR1ZoOF17bs2TbRKuov4Aq/rf+m3iVIbIA5Pb33xjPjlxgpH Ibhv0bwaWFx6fPySvPL6tr6xmZr69Lp3HLocy21vU6YAykU9FGghGtjgWWJhKvk/kepX/0G64RWFzgxEGdspEQqOENPnZtBd7DZDnf DquhbEM1Au0ee63TQavy9HWqeZ6CQS+bcTRQajAtmUXAJ0+Zt7sAwfs9GcHMRxUWqFYLidcFDxTJwcVEdMaUdzwxpqi0t/bRiX3cUL HNukiXemTG8c/NaSb6rlYx1qavNL5TgkFrmt2p25t0Gs/G0TueojWDTQsEfHFejaq+lPg8B1j/24fGd2vWYHsaFUCavxOr4NJcUNS1 TokNhgaOceMC4Ff5jKb9jfl30WTaryI6O9vb3y6TmwUtkl93dyONfe+1edxbeMtkmO+Q7icgB6ZETckr6hJMReSCP5Cn4FvSC4+Dns zVozHq+kloFZ/8B+NLP1A==</latexit><latexit sha1_base64="9FlbRgekH5zwHqFr7E1XmBaHLWo=" >AAACmHicdVFNTxsxEHW2QCHlK/RWLhZRpJ7QbgQCbpF6gN4oEECCVeR1ZoOF17bs2TbRKuov4Aq/rf+m3iVIbIA5Pb33xjPjlxgpH Ibhv0bwaWFx6fPySvPL6tr6xmZr69Lp3HLocy21vU6YAykU9FGghGtjgWWJhKvk/kepX/0G64RWFzgxEGdspEQqOENPnZtBd7DZDnf DquhbEM1Au0ee63TQavy9HWqeZ6CQS+bcTRQajAtmUXAJ0+Zt7sAwfs9GcHMRxUWqFYLidcFDxTJwcVEdMaUdzwxpqi0t/bRiX3cUL HNukiXemTG8c/NaSb6rlYx1qavNL5TgkFrmt2p25t0Gs/G0TueojWDTQsEfHFejaq+lPg8B1j/24fGd2vWYHsaFUCavxOr4NJcUNS1 TokNhgaOceMC4Ff5jKb9jfl30WTaryI6O9vb3y6TmwUtkl93dyONfe+1edxbeMtkmO+Q7icgB6ZETckr6hJMReSCP5Cn4FvSC4+Dns zVozHq+kloFZ/8B+NLP1A==</latexit><latexit sha1_base64="RYSOh36CL/tjIw/Lyr3V9HQGfOk=" >AAACmHicdVFNT+MwEHUDu0D3g68bXCyqSntCSQUCbpU4ADfYpYAEUeW4k2LVsS17AlRRxS/gCr+Nf4OT7UqkLHN6eu+NZ8YvMVI4D MPXRjA3/+XrwuJS89v3Hz+XV1bXLpzOLYce11Lbq4Q5kEJBDwVKuDIWWJZIuExGh6V+eQfWCa3OcWwgzthQiVRwhp76Y/qd/kor3A6 roh9BNAUtMq3T/mrj8WageZ6BQi6Zc9dRaDAumEXBJUyaN7kDw/iIDeH6PIqLVCsExeuCh4pl4OKiOmJC254Z0FRbWvppxb7vKFjm3 DhLvDNjeOtmtZL8r1Yy1qWuNr9QgkNqmd+q2Z51G8weJnU6R20EmxQK7vGhGlV7LfV5CLD+sU+Pb9eux3Q/LoQyeSVWx6e5pKhpmRI dCAsc5dgDxq3wH0v5LfPros+yWUV2cLCzu1smNQv+RXbR2Y48PttpdTvT8BbJJtkiv0hE9kiXHJNT0iOcDMkTeSYvwUbQDY6Ck7/Wo DHtWSe1Cn6/AXZSz5Q=</latexit>
p 01
<latexit sha1_base64="iSKkv3ckA+7wRfFvVcuBjAeXbBk=" >AAACmXicdVFNTxsxEHUW2kJKWz6OuViNonJCuyio5ZaKC+IEKiGRYBV5nVli4bUtexaIVlH/AVf4a/wbvJtUYkOZ09N7bzwzfomRw mEYPjeCldUPHz+trTc/b3z5+m1za/vC6dxy6HMttR0mzIEUCvooUMLQWGBZImGQ3ByV+uAWrBNanePUQJyxayVSwRmWlBlFP0ab7XA vrIq+BdECtHtkXqejrcbfq7HmeQYKuWTOXUahwbhgFgWXMGte5Q4M4zfsGi7Po7hItUJQvC54qFgGLi6qK2a045kxTbWlpZ9W7OuOg mXOTbPEOzOGE7esleR/tZKxLnW1+YUSHFLL/FbNzrLbYHY/q9M5aiPYrFBwh/fVqNprqQ9EgPWPvXt8p3Y9pr/iQiiTV2J1fJpLipq WMdGxsMBRTj1g3Ar/sZRPmF8XfZjNKrLDw+7BQZnUMvgX2cX+XuTxWbfd21+Et0Za5DvZJRH5SXrkmJySPuFkQh7II3kKWsHv4Dg4m VuDxqJnh9Qq+PMCcuPQBA==</latexit><latexit sha1_base64="iSKkv3ckA+7wRfFvVcuBjAeXbBk=" >AAACmXicdVFNTxsxEHUW2kJKWz6OuViNonJCuyio5ZaKC+IEKiGRYBV5nVli4bUtexaIVlH/AVf4a/wbvJtUYkOZ09N7bzwzfomRw mEYPjeCldUPHz+trTc/b3z5+m1za/vC6dxy6HMttR0mzIEUCvooUMLQWGBZImGQ3ByV+uAWrBNanePUQJyxayVSwRmWlBlFP0ab7XA vrIq+BdECtHtkXqejrcbfq7HmeQYKuWTOXUahwbhgFgWXMGte5Q4M4zfsGi7Po7hItUJQvC54qFgGLi6qK2a045kxTbWlpZ9W7OuOg mXOTbPEOzOGE7esleR/tZKxLnW1+YUSHFLL/FbNzrLbYHY/q9M5aiPYrFBwh/fVqNprqQ9EgPWPvXt8p3Y9pr/iQiiTV2J1fJpLipq WMdGxsMBRTj1g3Ar/sZRPmF8XfZjNKrLDw+7BQZnUMvgX2cX+XuTxWbfd21+Et0Za5DvZJRH5SXrkmJySPuFkQh7II3kKWsHv4Dg4m VuDxqJnh9Qq+PMCcuPQBA==</latexit><latexit sha1_base64="iSKkv3ckA+7wRfFvVcuBjAeXbBk=" >AAACmXicdVFNTxsxEHUW2kJKWz6OuViNonJCuyio5ZaKC+IEKiGRYBV5nVli4bUtexaIVlH/AVf4a/wbvJtUYkOZ09N7bzwzfomRw mEYPjeCldUPHz+trTc/b3z5+m1za/vC6dxy6HMttR0mzIEUCvooUMLQWGBZImGQ3ByV+uAWrBNanePUQJyxayVSwRmWlBlFP0ab7XA vrIq+BdECtHtkXqejrcbfq7HmeQYKuWTOXUahwbhgFgWXMGte5Q4M4zfsGi7Po7hItUJQvC54qFgGLi6qK2a045kxTbWlpZ9W7OuOg mXOTbPEOzOGE7esleR/tZKxLnW1+YUSHFLL/FbNzrLbYHY/q9M5aiPYrFBwh/fVqNprqQ9EgPWPvXt8p3Y9pr/iQiiTV2J1fJpLipq WMdGxsMBRTj1g3Ar/sZRPmF8XfZjNKrLDw+7BQZnUMvgX2cX+XuTxWbfd21+Et0Za5DvZJRH5SXrkmJySPuFkQh7II3kKWsHv4Dg4m VuDxqJnh9Qq+PMCcuPQBA==</latexit><latexit sha1_base64="iSKkv3ckA+7wRfFvVcuBjAeXbBk=" >AAACmXicdVFNTxsxEHUW2kJKWz6OuViNonJCuyio5ZaKC+IEKiGRYBV5nVli4bUtexaIVlH/AVf4a/wbvJtUYkOZ09N7bzwzfomRw mEYPjeCldUPHz+trTc/b3z5+m1za/vC6dxy6HMttR0mzIEUCvooUMLQWGBZImGQ3ByV+uAWrBNanePUQJyxayVSwRmWlBlFP0ab7XA vrIq+BdECtHtkXqejrcbfq7HmeQYKuWTOXUahwbhgFgWXMGte5Q4M4zfsGi7Po7hItUJQvC54qFgGLi6qK2a045kxTbWlpZ9W7OuOg mXOTbPEOzOGE7esleR/tZKxLnW1+YUSHFLL/FbNzrLbYHY/q9M5aiPYrFBwh/fVqNprqQ9EgPWPvXt8p3Y9pr/iQiiTV2J1fJpLipq WMdGxsMBRTj1g3Ar/sZRPmF8XfZjNKrLDw+7BQZnUMvgX2cX+XuTxWbfd21+Et0Za5DvZJRH5SXrkmJySPuFkQh7II3kKWsHv4Dg4m VuDxqJnh9Qq+PMCcuPQBA==</latexit><latexit sha1_base64="iSKkv3ckA+7wRfFvVcuBjAeXbBk=" >AAACmXicdVFNTxsxEHUW2kJKWz6OuViNonJCuyio5ZaKC+IEKiGRYBV5nVli4bUtexaIVlH/AVf4a/wbvJtUYkOZ09N7bzwzfomRw mEYPjeCldUPHz+trTc/b3z5+m1za/vC6dxy6HMttR0mzIEUCvooUMLQWGBZImGQ3ByV+uAWrBNanePUQJyxayVSwRmWlBlFP0ab7XA vrIq+BdECtHtkXqejrcbfq7HmeQYKuWTOXUahwbhgFgWXMGte5Q4M4zfsGi7Po7hItUJQvC54qFgGLi6qK2a045kxTbWlpZ9W7OuOg mXOTbPEOzOGE7esleR/tZKxLnW1+YUSHFLL/FbNzrLbYHY/q9M5aiPYrFBwh/fVqNprqQ9EgPWPvXt8p3Y9pr/iQiiTV2J1fJpLipq WMdGxsMBRTj1g3Ar/sZRPmF8XfZjNKrLDw+7BQZnUMvgX2cX+XuTxWbfd21+Et0Za5DvZJRH5SXrkmJySPuFkQh7II3kKWsHv4Dg4m VuDxqJnh9Qq+PMCcuPQBA==</latexit><latexit sha1_base64="twohg0YAKJUcwlA5mg3qvHkSLzU=" >AAACmXicdVFNTxsxEHWW8tGUjwBHLhZRVE5oF4Egt1RcECeqkgQJVpHXmSUWXtuyZ2miVcQ/4Er/Wv9NvdtU6qZ0Tk/vvfHM+CVGC odh+LMRrHxYXVvf+Nj8tLm1vdPa3Rs4nVsOfa6ltncJcyCFgj4KlHBnLLAskTBMni5LffgM1gmtbnFmIM7YoxKp4AxLyoyiz6NWOzw Oq6L/gmgB2mRRN6PdxsvDWPM8A4VcMufuo9BgXDCLgkuYNx9yB4bxJ/YI97dRXKRaISheFzxULAMXF9UVc9rxzJim2tLSTyv2746CZ c7NssQ7M4YTt6yV5LtayViXutr8QgkOqWV+q2Zn2W0wm87rdI7aCDYvFHzHaTWq9lrqAxFg/WP/Pb5Tux7Ti7gQyuSVWB2f5pKipmV MdCwscJQzDxi3wn8s5RPm10UfZrOKrNs9PTsrk1oGfyIbnBxHHn89bfdOFuFtkANySI5IRM5Jj1yRG9InnEzIK3kjP4KD4EtwFVz/t gaNRc8+qVXw7RfwVM/E</latexit>
p 02
<latexit sha1_base64="xC82H14sCn2/zgg+ZDfT+wTmf44=" >AAACmXicdVFNTxsxEHWWj4YUaChHLhZRVE5oNwK1uaXqJeIEggASrCKvM0ssvLZlz7ZEq6j/gGv71/g3eJcgdVOY09N7bzwzfomRw mEYPjWCldW19Q/NjdbHza3tT+2dz5dO55bDiGup7XXCHEihYIQCJVwbCyxLJFwl9z9K/eonWCe0usCZgThjd0qkgjMsKTPufRm3O+F hWBX9H0QL0BmQlzod7zR+3040zzNQyCVz7iYKDcYFsyi4hHnrNndgGL9nd3BzEcVFqhWC4nXBQ8UycHFRXTGnXc9MaKotLf20Yv/tK Fjm3CxLvDNjOHXLWkm+qZWMdamrzS+U4JBa5rdqdZfdBrOHeZ3OURvB5oWCX/hQjaq9lvpABFj/2LvHd2vXY/otLoQyeSVWx6e5pKh pGROdCAsc5cwDxq3wH0v5lPl10YfZqiLr94+Oj8uklsFrZJe9w8jjs6POoLcIr0n2yD45IBH5SgZkSE7JiHAyJY/kD/kb7AXfg2Fw8 mINGoueXVKr4PwZdRbQBQ==</latexit><latexit sha1_base64="xC82H14sCn2/zgg+ZDfT+wTmf44=" >AAACmXicdVFNTxsxEHWWj4YUaChHLhZRVE5oNwK1uaXqJeIEggASrCKvM0ssvLZlz7ZEq6j/gGv71/g3eJcgdVOY09N7bzwzfomRw mEYPjWCldW19Q/NjdbHza3tT+2dz5dO55bDiGup7XXCHEihYIQCJVwbCyxLJFwl9z9K/eonWCe0usCZgThjd0qkgjMsKTPufRm3O+F hWBX9H0QL0BmQlzod7zR+3040zzNQyCVz7iYKDcYFsyi4hHnrNndgGL9nd3BzEcVFqhWC4nXBQ8UycHFRXTGnXc9MaKotLf20Yv/tK Fjm3CxLvDNjOHXLWkm+qZWMdamrzS+U4JBa5rdqdZfdBrOHeZ3OURvB5oWCX/hQjaq9lvpABFj/2LvHd2vXY/otLoQyeSVWx6e5pKh pGROdCAsc5cwDxq3wH0v5lPl10YfZqiLr94+Oj8uklsFrZJe9w8jjs6POoLcIr0n2yD45IBH5SgZkSE7JiHAyJY/kD/kb7AXfg2Fw8 mINGoueXVKr4PwZdRbQBQ==</latexit><latexit sha1_base64="xC82H14sCn2/zgg+ZDfT+wTmf44=" >AAACmXicdVFNTxsxEHWWj4YUaChHLhZRVE5oNwK1uaXqJeIEggASrCKvM0ssvLZlz7ZEq6j/gGv71/g3eJcgdVOY09N7bzwzfomRw mEYPjWCldW19Q/NjdbHza3tT+2dz5dO55bDiGup7XXCHEihYIQCJVwbCyxLJFwl9z9K/eonWCe0usCZgThjd0qkgjMsKTPufRm3O+F hWBX9H0QL0BmQlzod7zR+3040zzNQyCVz7iYKDcYFsyi4hHnrNndgGL9nd3BzEcVFqhWC4nXBQ8UycHFRXTGnXc9MaKotLf20Yv/tK Fjm3CxLvDNjOHXLWkm+qZWMdamrzS+U4JBa5rdqdZfdBrOHeZ3OURvB5oWCX/hQjaq9lvpABFj/2LvHd2vXY/otLoQyeSVWx6e5pKh pGROdCAsc5cwDxq3wH0v5lPl10YfZqiLr94+Oj8uklsFrZJe9w8jjs6POoLcIr0n2yD45IBH5SgZkSE7JiHAyJY/kD/kb7AXfg2Fw8 mINGoueXVKr4PwZdRbQBQ==</latexit><latexit sha1_base64="xC82H14sCn2/zgg+ZDfT+wTmf44=" >AAACmXicdVFNTxsxEHWWj4YUaChHLhZRVE5oNwK1uaXqJeIEggASrCKvM0ssvLZlz7ZEq6j/gGv71/g3eJcgdVOY09N7bzwzfomRw mEYPjWCldW19Q/NjdbHza3tT+2dz5dO55bDiGup7XXCHEihYIQCJVwbCyxLJFwl9z9K/eonWCe0usCZgThjd0qkgjMsKTPufRm3O+F hWBX9H0QL0BmQlzod7zR+3040zzNQyCVz7iYKDcYFsyi4hHnrNndgGL9nd3BzEcVFqhWC4nXBQ8UycHFRXTGnXc9MaKotLf20Yv/tK Fjm3CxLvDNjOHXLWkm+qZWMdamrzS+U4JBa5rdqdZfdBrOHeZ3OURvB5oWCX/hQjaq9lvpABFj/2LvHd2vXY/otLoQyeSVWx6e5pKh pGROdCAsc5cwDxq3wH0v5lPl10YfZqiLr94+Oj8uklsFrZJe9w8jjs6POoLcIr0n2yD45IBH5SgZkSE7JiHAyJY/kD/kb7AXfg2Fw8 mINGoueXVKr4PwZdRbQBQ==</latexit><latexit sha1_base64="xC82H14sCn2/zgg+ZDfT+wTmf44=" >AAACmXicdVFNTxsxEHWWj4YUaChHLhZRVE5oNwK1uaXqJeIEggASrCKvM0ssvLZlz7ZEq6j/gGv71/g3eJcgdVOY09N7bzwzfomRw mEYPjWCldW19Q/NjdbHza3tT+2dz5dO55bDiGup7XXCHEihYIQCJVwbCyxLJFwl9z9K/eonWCe0usCZgThjd0qkgjMsKTPufRm3O+F hWBX9H0QL0BmQlzod7zR+3040zzNQyCVz7iYKDcYFsyi4hHnrNndgGL9nd3BzEcVFqhWC4nXBQ8UycHFRXTGnXc9MaKotLf20Yv/tK Fjm3CxLvDNjOHXLWkm+qZWMdamrzS+U4JBa5rdqdZfdBrOHeZ3OURvB5oWCX/hQjaq9lvpABFj/2LvHd2vXY/otLoQyeSVWx6e5pKh pGROdCAsc5cwDxq3wH0v5lPl10YfZqiLr94+Oj8uklsFrZJe9w8jjs6POoLcIr0n2yD45IBH5SgZkSE7JiHAyJY/kD/kb7AXfg2Fw8 mINGoueXVKr4PwZdRbQBQ==</latexit><latexit sha1_base64="eRnd2fZCxX9MM4nbti6Ehm0NEX8=" >AAACmXicdVFNTxsxEHUWCjSlfB65WERROaHdCATcQL0gTiDyJcEq8jqzxMJrW/YsEK2i/oNe27/Wf4N3G6RuCnN6eu+NZ8YvMVI4D MM/jWBp+dPK6trn5pf1rxubW9s7fadzy6HHtdR2mDAHUijooUAJQ2OBZYmEQfL4vdQHT2Cd0KqLUwNxxh6USAVnWFJm1Pk22mqFh2F V9H8QzUGLzOt6tN34cT/WPM9AIZfMubsoNBgXzKLgEmbN+9yBYfyRPcBdN4qLVCsExeuCh4pl4OKiumJG254Z01RbWvppxf7bUbDMu WmWeGfGcOIWtZJ8VysZ61JXm18owSG1zG/VbC+6DWYvszqdozaCzQoFz/hSjaq9lvpABFj/2IfHt2vXY3oaF0KZvBKr49NcUtS0jIm OhQWOcuoB41b4j6V8wvy66MNsVpGdnR0dH5dJLYK3yPqdw8jjm6PWeWce3hrZI/vkgETkhJyTS3JNeoSTCflJfpHfwV5wEVwGV3+tQ WPes0tqFdy+AvKHz8U=</latexit>
°p 01
<latexit sha1_base64="QN5fRwuWuTamXq3d3T9rNsBif2c=" >AAACmnicdVHBThsxEHW2pUCghZRje7CIIrgU7SJQyS2CCxUXKiWABKvI68yCFa9t2bOFaBXxCVzh0/gbvEsqdUOZ09N7bzwzfomRw mEYPjeCDx8XPi0uLTdXVj9/WVtvfT1zOrccBlxLbS8S5kAKBQMUKOHCWGBZIuE8GR+V+vkfsE5o1ceJgThj10qkgjP01OCHGUZbw/V 2uBNWRd+CaAbaPfJap8NW4/5qpHmegUIumXOXUWgwLphFwSVMm1e5A8P4mF3DZT+Ki1QrBMXrgoeKZeDiojpjSjueGdFUW1r6acX+2 1GwzLlJlnhnxvDGzWsl+V+tZKxLXW1+oQSH1DK/VbMz7zaY3U3rdI7aCDYtFNziXTWq9lrqExFg/WPvHt+pXY/pQVwIZfJKrI5Pc0l R0zInOhIWOMqJB4xb4T+W8hvm10WfZrOKrNvd298vk5oHfyM7292JPP691+7tzsJbIt/IJtkmEflJeuSYnJIB4USQB/JInoLvwWHwK zh5tQaNWc8GqVXQfwH7+dA7</latexit><latexit sha1_base64="QN5fRwuWuTamXq3d3T9rNsBif2c=" >AAACmnicdVHBThsxEHW2pUCghZRje7CIIrgU7SJQyS2CCxUXKiWABKvI68yCFa9t2bOFaBXxCVzh0/gbvEsqdUOZ09N7bzwzfomRw mEYPjeCDx8XPi0uLTdXVj9/WVtvfT1zOrccBlxLbS8S5kAKBQMUKOHCWGBZIuE8GR+V+vkfsE5o1ceJgThj10qkgjP01OCHGUZbw/V 2uBNWRd+CaAbaPfJap8NW4/5qpHmegUIumXOXUWgwLphFwSVMm1e5A8P4mF3DZT+Ki1QrBMXrgoeKZeDiojpjSjueGdFUW1r6acX+2 1GwzLlJlnhnxvDGzWsl+V+tZKxLXW1+oQSH1DK/VbMz7zaY3U3rdI7aCDYtFNziXTWq9lrqExFg/WPvHt+pXY/pQVwIZfJKrI5Pc0l R0zInOhIWOMqJB4xb4T+W8hvm10WfZrOKrNvd298vk5oHfyM7292JPP691+7tzsJbIt/IJtkmEflJeuSYnJIB4USQB/JInoLvwWHwK zh5tQaNWc8GqVXQfwH7+dA7</latexit><latexit sha1_base64="QN5fRwuWuTamXq3d3T9rNsBif2c=" >AAACmnicdVHBThsxEHW2pUCghZRje7CIIrgU7SJQyS2CCxUXKiWABKvI68yCFa9t2bOFaBXxCVzh0/gbvEsqdUOZ09N7bzwzfomRw mEYPjeCDx8XPi0uLTdXVj9/WVtvfT1zOrccBlxLbS8S5kAKBQMUKOHCWGBZIuE8GR+V+vkfsE5o1ceJgThj10qkgjP01OCHGUZbw/V 2uBNWRd+CaAbaPfJap8NW4/5qpHmegUIumXOXUWgwLphFwSVMm1e5A8P4mF3DZT+Ki1QrBMXrgoeKZeDiojpjSjueGdFUW1r6acX+2 1GwzLlJlnhnxvDGzWsl+V+tZKxLXW1+oQSH1DK/VbMz7zaY3U3rdI7aCDYtFNziXTWq9lrqExFg/WPvHt+pXY/pQVwIZfJKrI5Pc0l R0zInOhIWOMqJB4xb4T+W8hvm10WfZrOKrNvd298vk5oHfyM7292JPP691+7tzsJbIt/IJtkmEflJeuSYnJIB4USQB/JInoLvwWHwK zh5tQaNWc8GqVXQfwH7+dA7</latexit><latexit sha1_base64="QN5fRwuWuTamXq3d3T9rNsBif2c=" >AAACmnicdVHBThsxEHW2pUCghZRje7CIIrgU7SJQyS2CCxUXKiWABKvI68yCFa9t2bOFaBXxCVzh0/gbvEsqdUOZ09N7bzwzfomRw mEYPjeCDx8XPi0uLTdXVj9/WVtvfT1zOrccBlxLbS8S5kAKBQMUKOHCWGBZIuE8GR+V+vkfsE5o1ceJgThj10qkgjP01OCHGUZbw/V 2uBNWRd+CaAbaPfJap8NW4/5qpHmegUIumXOXUWgwLphFwSVMm1e5A8P4mF3DZT+Ki1QrBMXrgoeKZeDiojpjSjueGdFUW1r6acX+2 1GwzLlJlnhnxvDGzWsl+V+tZKxLXW1+oQSH1DK/VbMz7zaY3U3rdI7aCDYtFNziXTWq9lrqExFg/WPvHt+pXY/pQVwIZfJKrI5Pc0l R0zInOhIWOMqJB4xb4T+W8hvm10WfZrOKrNvd298vk5oHfyM7292JPP691+7tzsJbIt/IJtkmEflJeuSYnJIB4USQB/JInoLvwWHwK zh5tQaNWc8GqVXQfwH7+dA7</latexit><latexit sha1_base64="QN5fRwuWuTamXq3d3T9rNsBif2c=" >AAACmnicdVHBThsxEHW2pUCghZRje7CIIrgU7SJQyS2CCxUXKiWABKvI68yCFa9t2bOFaBXxCVzh0/gbvEsqdUOZ09N7bzwzfomRw mEYPjeCDx8XPi0uLTdXVj9/WVtvfT1zOrccBlxLbS8S5kAKBQMUKOHCWGBZIuE8GR+V+vkfsE5o1ceJgThj10qkgjP01OCHGUZbw/V 2uBNWRd+CaAbaPfJap8NW4/5qpHmegUIumXOXUWgwLphFwSVMm1e5A8P4mF3DZT+Ki1QrBMXrgoeKZeDiojpjSjueGdFUW1r6acX+2 1GwzLlJlnhnxvDGzWsl+V+tZKxLXW1+oQSH1DK/VbMz7zaY3U3rdI7aCDYtFNziXTWq9lrqExFg/WPvHt+pXY/pQVwIZfJKrI5Pc0l R0zInOhIWOMqJB4xb4T+W8hvm10WfZrOKrNvd298vk5oHfyM7292JPP691+7tzsJbIt/IJtkmEflJeuSYnJIB4USQB/JInoLvwWHwK zh5tQaNWc8GqVXQfwH7+dA7</latexit><latexit sha1_base64="MNRAE0loU6K3bB/toRlnVxIpTec=" >AAACmnicdVHBThsxEHW2UCClJWmPcLAaRe2l0W4EormhcqHqBaQEkGAVeZ3ZYMVrW/Zsm2gV9RN6pZ/G39S7DRKb0jk9vffGM+OXG CkchuFDI3ixsflya3un+Wr39Zu9VvvtpdO55TDiWmp7nTAHUigYoUAJ18YCyxIJV8nstNSvvoN1QqshLgzEGZsqkQrO0FOjT2YcfRi 3OmEvrIr+C6IV6JBVnY/bjZ+3E83zDBRyyZy7iUKDccEsCi5h2bzNHRjGZ2wKN8MoLlKtEBSvCx4qloGLi+qMJe16ZkJTbWnppxX7t KNgmXOLLPHOjOGdW9dK8lmtZKxLXW1+oQSH1DK/VbO77jaYzZd1OkdtBFsWCn7gvBpVey31iQiw/rH/Ht+tXY/p57gQyuSVWB2f5pK ipmVOdCIscJQLDxi3wn8s5XfMr4s+zWYV2WBweHRUJrUOHiO77Pcijy8OOyf9VXjbZJ+8Jx9JRI7JCTkj52REOBHkF7knv4OD4EvwN fj21xo0Vj3vSK2C4R95ec/7</latexit>
°p 02
<latexit sha1_base64="XcFDQzhUuS4DOYoKusoxU7PuUwY=" >AAACmnicdVFNTxsxEHUW2kL6ReAIB6tR1F6KdiMQ5BaVC4gLSAkgwSryOrNg4bUtexaIVlF/Alf4afwbvEuQ2JTO6em9N54Zv8RI4 TAMnxrBwuKHj5+Wlpufv3z99n2ltXridG45DLmW2p4lzIEUCoYoUMKZscCyRMJpcr1X6qc3YJ3QaoATA3HGLpVIBWfoqeFvM+r+HK2 0w82wKvoviGag3ScvdTRqNf5ejDXPM1DIJXPuPAoNxgWzKLiEafMid2AYv2aXcD6I4iLVCkHxuuChYhm4uKjOmNKOZ8Y01ZaWflqxb zsKljk3yRLvzBheuXmtJN/VSsa61NXmF0pwSC3zWzU7826D2d20TueojWDTQsEt3lWjaq+lPhEB1j/23+M7tesx3Y0LoUxeidXxaS4 palrmRMfCAkc58YBxK/zHUn7F/Lro02xWkfV6W9vbZVLz4DWyk+5m5PHxVrvfnYW3RNbJD/KLRGSH9Mk+OSJDwokg9+SBPAYbwZ/gI Dh8sQaNWc8aqVUweAb+LNA8</latexit><latexit sha1_base64="XcFDQzhUuS4DOYoKusoxU7PuUwY=" >AAACmnicdVFNTxsxEHUW2kL6ReAIB6tR1F6KdiMQ5BaVC4gLSAkgwSryOrNg4bUtexaIVlF/Alf4afwbvEuQ2JTO6em9N54Zv8RI4 TAMnxrBwuKHj5+Wlpufv3z99n2ltXridG45DLmW2p4lzIEUCoYoUMKZscCyRMJpcr1X6qc3YJ3QaoATA3HGLpVIBWfoqeFvM+r+HK2 0w82wKvoviGag3ScvdTRqNf5ejDXPM1DIJXPuPAoNxgWzKLiEafMid2AYv2aXcD6I4iLVCkHxuuChYhm4uKjOmNKOZ8Y01ZaWflqxb zsKljk3yRLvzBheuXmtJN/VSsa61NXmF0pwSC3zWzU7826D2d20TueojWDTQsEt3lWjaq+lPhEB1j/23+M7tesx3Y0LoUxeidXxaS4 palrmRMfCAkc58YBxK/zHUn7F/Lro02xWkfV6W9vbZVLz4DWyk+5m5PHxVrvfnYW3RNbJD/KLRGSH9Mk+OSJDwokg9+SBPAYbwZ/gI Dh8sQaNWc8aqVUweAb+LNA8</latexit><latexit sha1_base64="XcFDQzhUuS4DOYoKusoxU7PuUwY=" >AAACmnicdVFNTxsxEHUW2kL6ReAIB6tR1F6KdiMQ5BaVC4gLSAkgwSryOrNg4bUtexaIVlF/Alf4afwbvEuQ2JTO6em9N54Zv8RI4 TAMnxrBwuKHj5+Wlpufv3z99n2ltXridG45DLmW2p4lzIEUCoYoUMKZscCyRMJpcr1X6qc3YJ3QaoATA3HGLpVIBWfoqeFvM+r+HK2 0w82wKvoviGag3ScvdTRqNf5ejDXPM1DIJXPuPAoNxgWzKLiEafMid2AYv2aXcD6I4iLVCkHxuuChYhm4uKjOmNKOZ8Y01ZaWflqxb zsKljk3yRLvzBheuXmtJN/VSsa61NXmF0pwSC3zWzU7826D2d20TueojWDTQsEt3lWjaq+lPhEB1j/23+M7tesx3Y0LoUxeidXxaS4 palrmRMfCAkc58YBxK/zHUn7F/Lro02xWkfV6W9vbZVLz4DWyk+5m5PHxVrvfnYW3RNbJD/KLRGSH9Mk+OSJDwokg9+SBPAYbwZ/gI Dh8sQaNWc8aqVUweAb+LNA8</latexit><latexit sha1_base64="XcFDQzhUuS4DOYoKusoxU7PuUwY=" >AAACmnicdVFNTxsxEHUW2kL6ReAIB6tR1F6KdiMQ5BaVC4gLSAkgwSryOrNg4bUtexaIVlF/Alf4afwbvEuQ2JTO6em9N54Zv8RI4 TAMnxrBwuKHj5+Wlpufv3z99n2ltXridG45DLmW2p4lzIEUCoYoUMKZscCyRMJpcr1X6qc3YJ3QaoATA3HGLpVIBWfoqeFvM+r+HK2 0w82wKvoviGag3ScvdTRqNf5ejDXPM1DIJXPuPAoNxgWzKLiEafMid2AYv2aXcD6I4iLVCkHxuuChYhm4uKjOmNKOZ8Y01ZaWflqxb zsKljk3yRLvzBheuXmtJN/VSsa61NXmF0pwSC3zWzU7826D2d20TueojWDTQsEt3lWjaq+lPhEB1j/23+M7tesx3Y0LoUxeidXxaS4 palrmRMfCAkc58YBxK/zHUn7F/Lro02xWkfV6W9vbZVLz4DWyk+5m5PHxVrvfnYW3RNbJD/KLRGSH9Mk+OSJDwokg9+SBPAYbwZ/gI Dh8sQaNWc8aqVUweAb+LNA8</latexit><latexit sha1_base64="XcFDQzhUuS4DOYoKusoxU7PuUwY=" >AAACmnicdVFNTxsxEHUW2kL6ReAIB6tR1F6KdiMQ5BaVC4gLSAkgwSryOrNg4bUtexaIVlF/Alf4afwbvEuQ2JTO6em9N54Zv8RI4 TAMnxrBwuKHj5+Wlpufv3z99n2ltXridG45DLmW2p4lzIEUCoYoUMKZscCyRMJpcr1X6qc3YJ3QaoATA3HGLpVIBWfoqeFvM+r+HK2 0w82wKvoviGag3ScvdTRqNf5ejDXPM1DIJXPuPAoNxgWzKLiEafMid2AYv2aXcD6I4iLVCkHxuuChYhm4uKjOmNKOZ8Y01ZaWflqxb zsKljk3yRLvzBheuXmtJN/VSsa61NXmF0pwSC3zWzU7826D2d20TueojWDTQsEt3lWjaq+lPhEB1j/23+M7tesx3Y0LoUxeidXxaS4 palrmRMfCAkc58YBxK/zHUn7F/Lro02xWkfV6W9vbZVLz4DWyk+5m5PHxVrvfnYW3RNbJD/KLRGSH9Mk+OSJDwokg9+SBPAYbwZ/gI Dh8sQaNWc8aqVUweAb+LNA8</latexit><latexit sha1_base64="t9e265HbSDIA67kpsIFx63rFFbM=" >AAACmnicdVFNTxsxEHUWKBBo+TrCwWoU0UvRbgSC3BC9tOJCpQSQYBV5nVmw4rUtexYSrSJ+Atfy0/pv6l2C1E3pnJ7ee+OZ8UuMF A7D8HcjWFhc+rC8stpcW//4aWNza/vS6dxy6HMttb1OmAMpFPRRoIRrY4FliYSrZPSt1K8ewDqhVQ8nBuKM3SmRCs7QU/2vZtDZH2y 2woOwKvoviGagRWZ1MdhqPN0ONc8zUMglc+4mCg3GBbMouIRp8zZ3YBgfsTu46UVxkWqFoHhd8FCxDFxcVGdMadszQ5pqS0s/rdi/O wqWOTfJEu/MGN67ea0k39VKxrrU1eYXSnBILfNbNdvzboPZeFqnc9RGsGmh4BHH1ajaa6lPRID1j/33+HbtekxP4kIok1didXyaS4q aljnRobDAUU48YNwK/7GU3zO/Lvo0m1Vk3e7h0VGZ1Dx4i+yycxB5/POwddqZhbdCdsln8oVE5Jicku/kgvQJJ4I8k1/kJdgLzoIfw fmrNWjMenZIrYLeH3usz/w=</latexit>
°p2
<latexit sha1_base64="wbD/lnTa/sS2A5UqfQ3z3r+OYAE=" >AAACmXicdVFNTxsxEHWWj4YUaChHLhZRpF5AuxGozS1VLxEnEASQYBV5nVli4bUte7YlWkX9B1zbv8a/wbsEqZvCnJ7ee+OZ8UuMF A7D8KkRrKyurX9obrQ+bm5tf2rvfL50OrccRlxLba8T5kAKBSMUKOHaWGBZIuEquf9R6lc/wTqh1QXODMQZu1MiFZxhSR2YcW/c7oS HYVX0fxAtQGdAXup0vNP4fTvRPM9AIZfMuZsoNBgXzKLgEuat29yBYfye3cHNRRQXqVYIitcFDxXLwMVFdcWcdj0zoam2tPTTiv23o 2CZc7Ms8c6M4dQtayX5plYy1qWuNr9QgkNqmd+q1V12G8we5nU6R20EmxcKfuFDNar2WuoDEWD9Y+8e361dj+m3uBDK5JVYHZ/mkqK mZUx0IixwlDMPGLfCfyzlU+bXRR9mq4qs3z86Pi6TWgavkV32DiOPz446g94ivCbZI/vkC4nIVzIgQ3JKRoSTKXkkf8jfYC/4HgyDk xdr0Fj07JJaBefPgcjQCw==</latexit><latexit sha1_base64="wbD/lnTa/sS2A5UqfQ3z3r+OYAE=" >AAACmXicdVFNTxsxEHWWj4YUaChHLhZRpF5AuxGozS1VLxEnEASQYBV5nVli4bUte7YlWkX9B1zbv8a/wbsEqZvCnJ7ee+OZ8UuMF A7D8KkRrKyurX9obrQ+bm5tf2rvfL50OrccRlxLba8T5kAKBSMUKOHaWGBZIuEquf9R6lc/wTqh1QXODMQZu1MiFZxhSR2YcW/c7oS HYVX0fxAtQGdAXup0vNP4fTvRPM9AIZfMuZsoNBgXzKLgEuat29yBYfye3cHNRRQXqVYIitcFDxXLwMVFdcWcdj0zoam2tPTTiv23o 2CZc7Ms8c6M4dQtayX5plYy1qWuNr9QgkNqmd+q1V12G8we5nU6R20EmxcKfuFDNar2WuoDEWD9Y+8e361dj+m3uBDK5JVYHZ/mkqK mZUx0IixwlDMPGLfCfyzlU+bXRR9mq4qs3z86Pi6TWgavkV32DiOPz446g94ivCbZI/vkC4nIVzIgQ3JKRoSTKXkkf8jfYC/4HgyDk xdr0Fj07JJaBefPgcjQCw==</latexit><latexit sha1_base64="wbD/lnTa/sS2A5UqfQ3z3r+OYAE=" >AAACmXicdVFNTxsxEHWWj4YUaChHLhZRpF5AuxGozS1VLxEnEASQYBV5nVli4bUte7YlWkX9B1zbv8a/wbsEqZvCnJ7ee+OZ8UuMF A7D8KkRrKyurX9obrQ+bm5tf2rvfL50OrccRlxLba8T5kAKBSMUKOHaWGBZIuEquf9R6lc/wTqh1QXODMQZu1MiFZxhSR2YcW/c7oS HYVX0fxAtQGdAXup0vNP4fTvRPM9AIZfMuZsoNBgXzKLgEuat29yBYfye3cHNRRQXqVYIitcFDxXLwMVFdcWcdj0zoam2tPTTiv23o 2CZc7Ms8c6M4dQtayX5plYy1qWuNr9QgkNqmd+q1V12G8we5nU6R20EmxcKfuFDNar2WuoDEWD9Y+8e361dj+m3uBDK5JVYHZ/mkqK mZUx0IixwlDMPGLfCfyzlU+bXRR9mq4qs3z86Pi6TWgavkV32DiOPz446g94ivCbZI/vkC4nIVzIgQ3JKRoSTKXkkf8jfYC/4HgyDk xdr0Fj07JJaBefPgcjQCw==</latexit><latexit sha1_base64="wbD/lnTa/sS2A5UqfQ3z3r+OYAE=" >AAACmXicdVFNTxsxEHWWj4YUaChHLhZRpF5AuxGozS1VLxEnEASQYBV5nVli4bUte7YlWkX9B1zbv8a/wbsEqZvCnJ7ee+OZ8UuMF A7D8KkRrKyurX9obrQ+bm5tf2rvfL50OrccRlxLba8T5kAKBSMUKOHaWGBZIuEquf9R6lc/wTqh1QXODMQZu1MiFZxhSR2YcW/c7oS HYVX0fxAtQGdAXup0vNP4fTvRPM9AIZfMuZsoNBgXzKLgEuat29yBYfye3cHNRRQXqVYIitcFDxXLwMVFdcWcdj0zoam2tPTTiv23o 2CZc7Ms8c6M4dQtayX5plYy1qWuNr9QgkNqmd+q1V12G8we5nU6R20EmxcKfuFDNar2WuoDEWD9Y+8e361dj+m3uBDK5JVYHZ/mkqK mZUx0IixwlDMPGLfCfyzlU+bXRR9mq4qs3z86Pi6TWgavkV32DiOPz446g94ivCbZI/vkC4nIVzIgQ3JKRoSTKXkkf8jfYC/4HgyDk xdr0Fj07JJaBefPgcjQCw==</latexit><latexit sha1_base64="wbD/lnTa/sS2A5UqfQ3z3r+OYAE=" >AAACmXicdVFNTxsxEHWWj4YUaChHLhZRpF5AuxGozS1VLxEnEASQYBV5nVli4bUte7YlWkX9B1zbv8a/wbsEqZvCnJ7ee+OZ8UuMF A7D8KkRrKyurX9obrQ+bm5tf2rvfL50OrccRlxLba8T5kAKBSMUKOHaWGBZIuEquf9R6lc/wTqh1QXODMQZu1MiFZxhSR2YcW/c7oS HYVX0fxAtQGdAXup0vNP4fTvRPM9AIZfMuZsoNBgXzKLgEuat29yBYfye3cHNRRQXqVYIitcFDxXLwMVFdcWcdj0zoam2tPTTiv23o 2CZc7Ms8c6M4dQtayX5plYy1qWuNr9QgkNqmd+q1V12G8we5nU6R20EmxcKfuFDNar2WuoDEWD9Y+8e361dj+m3uBDK5JVYHZ/mkqK mZUx0IixwlDMPGLfCfyzlU+bXRR9mq4qs3z86Pi6TWgavkV32DiOPz446g94ivCbZI/vkC4nIVzIgQ3JKRoSTKXkkf8jfYC/4HgyDk xdr0Fj07JJaBefPgcjQCw==</latexit><latexit sha1_base64="in2jQ+T0JXLB7bL3Qche0VSdCf0=" >AAACmXicdVFNTxsxEHUWCjSlfB65WESRegHtRiDgBuoFcQKRLwlWkdeZJRZe27JngWgV9R/02v61/hu82yB1U5jT03tvPDN+iZHCY Rj+aQRLy59WVtc+N7+sf93Y3Nre6TudWw49rqW2w4Q5kEJBDwVKGBoLLEskDJLH76U+eALrhFZdnBqIM/agRCo4w5I6MKPOaKsVHoZ V0f9BNActMq/r0Xbjx/1Y8zwDhVwy5+6i0GBcMIuCS5g173MHhvFH9gB33SguUq0QFK8LHiqWgYuL6ooZbXtmTFNtaemnFftvR8Ey5 6ZZ4p0Zw4lb1EryXa1krEtdbX6hBIfUMr9Vs73oNpi9zOp0jtoINisUPONLNar2WuoDEWD9Yx8e365dj+lpXAhl8kqsjk9zSVHTMiY 6FhY4yqkHjFvhP5byCfProg+zWUV2dnZ0fFwmtQjeIut3DiOPb45a5515eGtkj+yTbyQiJ+ScXJJr0iOcTMhP8ov8DvaCi+AyuPprD Rrznl1Sq+D2Ff85z8s=</latexit>
°p1
<latexit sha1_base64="sjW7uH5XQC6bDNtasytVjPzodu8=" >AAACmXicdVFNTxsxEHUW2kJKWz6OuViNIvUC2kVBLbdUXBAnUAmJBKvI68wSC69t2bNAtIr6D7jCX+Pf4N2kEhvKnJ7ee+OZ8UuMF A7D8LkRrKx++Phpbb35eePL12+bW9sXTueWQ59rqe0wYQ6kUNBHgRKGxgLLEgmD5Oao1Ae3YJ3Q6hynBuKMXSuRCs6wpHbNKBpttsO 9sCr6FkQL0O6ReZ2Othp/r8aa5xko5JI5dxmFBuOCWRRcwqx5lTswjN+wa7g8j+Ii1QpB8brgoWIZuLiorpjRjmfGNNWWln5asa87C pY5N80S78wYTtyyVpL/1UrGutTV5hdKcEgt81s1O8tug9n9rE7nqI1gs0LBHd5Xo2qvpT4QAdY/9u7xndr1mP6KC6FMXonV8WkuKWp axkTHwgJHOfWAcSv8x1I+YX5d9GE2q8gOD7sHB2VSy+BfZBf7e5HHZ912b38R3hppke/kB4nIT9Ijx+SU9AknE/JAHslT0Ap+B8fBy dwaNBY9O6RWwZ8Xf5bQCg==</latexit><latexit sha1_base64="sjW7uH5XQC6bDNtasytVjPzodu8=" >AAACmXicdVFNTxsxEHUW2kJKWz6OuViNIvUC2kVBLbdUXBAnUAmJBKvI68wSC69t2bNAtIr6D7jCX+Pf4N2kEhvKnJ7ee+OZ8UuMF A7D8LkRrKx++Phpbb35eePL12+bW9sXTueWQ59rqe0wYQ6kUNBHgRKGxgLLEgmD5Oao1Ae3YJ3Q6hynBuKMXSuRCs6wpHbNKBpttsO 9sCr6FkQL0O6ReZ2Othp/r8aa5xko5JI5dxmFBuOCWRRcwqx5lTswjN+wa7g8j+Ii1QpB8brgoWIZuLiorpjRjmfGNNWWln5asa87C pY5N80S78wYTtyyVpL/1UrGutTV5hdKcEgt81s1O8tug9n9rE7nqI1gs0LBHd5Xo2qvpT4QAdY/9u7xndr1mP6KC6FMXonV8WkuKWp axkTHwgJHOfWAcSv8x1I+YX5d9GE2q8gOD7sHB2VSy+BfZBf7e5HHZ912b38R3hppke/kB4nIT9Ijx+SU9AknE/JAHslT0Ap+B8fBy dwaNBY9O6RWwZ8Xf5bQCg==</latexit><latexit sha1_base64="sjW7uH5XQC6bDNtasytVjPzodu8=" >AAACmXicdVFNTxsxEHUW2kJKWz6OuViNIvUC2kVBLbdUXBAnUAmJBKvI68wSC69t2bNAtIr6D7jCX+Pf4N2kEhvKnJ7ee+OZ8UuMF A7D8LkRrKx++Phpbb35eePL12+bW9sXTueWQ59rqe0wYQ6kUNBHgRKGxgLLEgmD5Oao1Ae3YJ3Q6hynBuKMXSuRCs6wpHbNKBpttsO 9sCr6FkQL0O6ReZ2Othp/r8aa5xko5JI5dxmFBuOCWRRcwqx5lTswjN+wa7g8j+Ii1QpB8brgoWIZuLiorpjRjmfGNNWWln5asa87C pY5N80S78wYTtyyVpL/1UrGutTV5hdKcEgt81s1O8tug9n9rE7nqI1gs0LBHd5Xo2qvpT4QAdY/9u7xndr1mP6KC6FMXonV8WkuKWp axkTHwgJHOfWAcSv8x1I+YX5d9GE2q8gOD7sHB2VSy+BfZBf7e5HHZ912b38R3hppke/kB4nIT9Ijx+SU9AknE/JAHslT0Ap+B8fBy dwaNBY9O6RWwZ8Xf5bQCg==</latexit><latexit sha1_base64="sjW7uH5XQC6bDNtasytVjPzodu8=" >AAACmXicdVFNTxsxEHUW2kJKWz6OuViNIvUC2kVBLbdUXBAnUAmJBKvI68wSC69t2bNAtIr6D7jCX+Pf4N2kEhvKnJ7ee+OZ8UuMF A7D8LkRrKx++Phpbb35eePL12+bW9sXTueWQ59rqe0wYQ6kUNBHgRKGxgLLEgmD5Oao1Ae3YJ3Q6hynBuKMXSuRCs6wpHbNKBpttsO 9sCr6FkQL0O6ReZ2Othp/r8aa5xko5JI5dxmFBuOCWRRcwqx5lTswjN+wa7g8j+Ii1QpB8brgoWIZuLiorpjRjmfGNNWWln5asa87C pY5N80S78wYTtyyVpL/1UrGutTV5hdKcEgt81s1O8tug9n9rE7nqI1gs0LBHd5Xo2qvpT4QAdY/9u7xndr1mP6KC6FMXonV8WkuKWp axkTHwgJHOfWAcSv8x1I+YX5d9GE2q8gOD7sHB2VSy+BfZBf7e5HHZ912b38R3hppke/kB4nIT9Ijx+SU9AknE/JAHslT0Ap+B8fBy dwaNBY9O6RWwZ8Xf5bQCg==</latexit><latexit sha1_base64="sjW7uH5XQC6bDNtasytVjPzodu8=" >AAACmXicdVFNTxsxEHUW2kJKWz6OuViNIvUC2kVBLbdUXBAnUAmJBKvI68wSC69t2bNAtIr6D7jCX+Pf4N2kEhvKnJ7ee+OZ8UuMF A7D8LkRrKx++Phpbb35eePL12+bW9sXTueWQ59rqe0wYQ6kUNBHgRKGxgLLEgmD5Oao1Ae3YJ3Q6hynBuKMXSuRCs6wpHbNKBpttsO 9sCr6FkQL0O6ReZ2Othp/r8aa5xko5JI5dxmFBuOCWRRcwqx5lTswjN+wa7g8j+Ii1QpB8brgoWIZuLiorpjRjmfGNNWWln5asa87C pY5N80S78wYTtyyVpL/1UrGutTV5hdKcEgt81s1O8tug9n9rE7nqI1gs0LBHd5Xo2qvpT4QAdY/9u7xndr1mP6KC6FMXonV8WkuKWp axkTHwgJHOfWAcSv8x1I+YX5d9GE2q8gOD7sHB2VSy+BfZBf7e5HHZ912b38R3hppke/kB4nIT9Ijx+SU9AknE/JAHslT0Ap+B8fBy dwaNBY9O6RWwZ8Xf5bQCg==</latexit><latexit sha1_base64="khNeZ8hR9hcPSYpWHSFnazJmIyY=" >AAACmXicdVFNTxsxEHWW8tGUjwBHLhZRpF5AuwgEuaXigjhRlSRIsIq8ziyx8NqWPUsTrSL+AVf61/pv6t2mUjelc3p6741nxi8xU jgMw5+NYOXD6tr6xsfmp82t7Z3W7t7A6dxy6HMttb1LmAMpFPRRoIQ7Y4FliYRh8nRZ6sNnsE5odYszA3HGHpVIBWdYUkdmFI1a7fA 4rIr+C6IFaJNF3Yx2Gy8PY83zDBRyyZy7j0KDccEsCi5h3nzIHRjGn9gj3N9GcZFqhaB4XfBQsQxcXFRXzGnHM2OaaktLP63YvzsKl jk3yxLvzBhO3LJWku9qJWNd6mrzCyU4pJb5rZqdZbfBbDqv0zlqI9i8UPAdp9Wo2mupD0SA9Y/99/hO7XpML+JCKJNXYnV8mkuKmpY x0bGwwFHOPGDcCv+xlE+YXxd9mM0qsm739OysTGoZ/IlscHIcefz1tN07WYS3QQ7IIflMInJOeuSK3JA+4WRCXskb+REcBF+Cq+D6t zVoLHr2Sa2Cb78A/QfPyg==</latexit>
180º rotationTime reversal
¬[p1p2!p01p02]
<latexit sha1_base64= "ib1OfaE/Cg7ffCS+Y0g5eX/TdBc=">AAAC5nicd VJNb9MwGHYzYKN8dePIxaKqxmlKqk1st0pcuDGkd ZvURJHjOo01x7bsN9sqK9o/4Ia48if4MYgr/A+ct EhLgff0+Hkev/brx5kW3EIYfu8FWw8ePtreedx/8v TZ8xeD3b1zqypD2ZQqocxlRiwTXLIpcBDsUhtGyk ywi+zqXaNfXDNjuZJnsNQsKclC8pxTAp5KBx9iWv DUzeKSQJHlTtepi+r7q3EdG74ogBijbrq2/a5vP6 n76WAYHoRt4b9BtAbDCVrVabrbu4vnilYlk0AFsXY WhRoSRwxwKljdjyvLNKFXZMFmZ1HiciWBSdoVPJS kZDZx7ZPUeOSZOc6VwY0ft+z9HY6U1i7LzDubGey m1pD/1BrG2Nx2zneSU5Yb4m/VH226NZS3dZeuQGl OaifZDdy2R3W65T5dzoxv9t/hR53pIT9OHJe6asV2 +LwSGBRuMsdzbhgFsfSAUMP9w2JaEH9d8D9jFdnJ yeHRUZPUJvgT2fn4IPL44+FwMl6Ht4NeodfoDYrQ WzRB79EpmiKKvqEf6Cf6FRTBp+Bz8GVlDXrrPS9R p4KvvwHZ1vGS</latexit><latexit sha1_base64= "ib1OfaE/Cg7ffCS+Y0g5eX/TdBc=">AAAC5nicd VJNb9MwGHYzYKN8dePIxaKqxmlKqk1st0pcuDGkd ZvURJHjOo01x7bsN9sqK9o/4Ia48if4MYgr/A+ct EhLgff0+Hkev/brx5kW3EIYfu8FWw8ePtreedx/8v TZ8xeD3b1zqypD2ZQqocxlRiwTXLIpcBDsUhtGyk ywi+zqXaNfXDNjuZJnsNQsKclC8pxTAp5KBx9iWv DUzeKSQJHlTtepi+r7q3EdG74ogBijbrq2/a5vP6 n76WAYHoRt4b9BtAbDCVrVabrbu4vnilYlk0AFsXY WhRoSRwxwKljdjyvLNKFXZMFmZ1HiciWBSdoVPJS kZDZx7ZPUeOSZOc6VwY0ft+z9HY6U1i7LzDubGey m1pD/1BrG2Nx2zneSU5Yb4m/VH226NZS3dZeuQGl OaifZDdy2R3W65T5dzoxv9t/hR53pIT9OHJe6asV2 +LwSGBRuMsdzbhgFsfSAUMP9w2JaEH9d8D9jFdnJ yeHRUZPUJvgT2fn4IPL44+FwMl6Ht4NeodfoDYrQ WzRB79EpmiKKvqEf6Cf6FRTBp+Bz8GVlDXrrPS9R p4KvvwHZ1vGS</latexit><latexit sha1_base64= "ib1OfaE/Cg7ffCS+Y0g5eX/TdBc=">AAAC5nicd VJNb9MwGHYzYKN8dePIxaKqxmlKqk1st0pcuDGkd ZvURJHjOo01x7bsN9sqK9o/4Ia48if4MYgr/A+ct EhLgff0+Hkev/brx5kW3EIYfu8FWw8ePtreedx/8v TZ8xeD3b1zqypD2ZQqocxlRiwTXLIpcBDsUhtGyk ywi+zqXaNfXDNjuZJnsNQsKclC8pxTAp5KBx9iWv DUzeKSQJHlTtepi+r7q3EdG74ogBijbrq2/a5vP6 n76WAYHoRt4b9BtAbDCVrVabrbu4vnilYlk0AFsXY WhRoSRwxwKljdjyvLNKFXZMFmZ1HiciWBSdoVPJS kZDZx7ZPUeOSZOc6VwY0ft+z9HY6U1i7LzDubGey m1pD/1BrG2Nx2zneSU5Yb4m/VH226NZS3dZeuQGl OaifZDdy2R3W65T5dzoxv9t/hR53pIT9OHJe6asV2 +LwSGBRuMsdzbhgFsfSAUMP9w2JaEH9d8D9jFdnJ yeHRUZPUJvgT2fn4IPL44+FwMl6Ht4NeodfoDYrQ WzRB79EpmiKKvqEf6Cf6FRTBp+Bz8GVlDXrrPS9R p4KvvwHZ1vGS</latexit><latexit sha1_base64= "ib1OfaE/Cg7ffCS+Y0g5eX/TdBc=">AAAC5nicd VJNb9MwGHYzYKN8dePIxaKqxmlKqk1st0pcuDGkd ZvURJHjOo01x7bsN9sqK9o/4Ia48if4MYgr/A+ct EhLgff0+Hkev/brx5kW3EIYfu8FWw8ePtreedx/8v TZ8xeD3b1zqypD2ZQqocxlRiwTXLIpcBDsUhtGyk ywi+zqXaNfXDNjuZJnsNQsKclC8pxTAp5KBx9iWv DUzeKSQJHlTtepi+r7q3EdG74ogBijbrq2/a5vP6 n76WAYHoRt4b9BtAbDCVrVabrbu4vnilYlk0AFsXY WhRoSRwxwKljdjyvLNKFXZMFmZ1HiciWBSdoVPJS kZDZx7ZPUeOSZOc6VwY0ft+z9HY6U1i7LzDubGey m1pD/1BrG2Nx2zneSU5Yb4m/VH226NZS3dZeuQGl OaifZDdy2R3W65T5dzoxv9t/hR53pIT9OHJe6asV2 +LwSGBRuMsdzbhgFsfSAUMP9w2JaEH9d8D9jFdnJ yeHRUZPUJvgT2fn4IPL44+FwMl6Ht4NeodfoDYrQ WzRB79EpmiKKvqEf6Cf6FRTBp+Bz8GVlDXrrPS9R p4KvvwHZ1vGS</latexit><latexit sha1_base64= "ib1OfaE/Cg7ffCS+Y0g5eX/TdBc=">AAAC5nicd VJNb9MwGHYzYKN8dePIxaKqxmlKqk1st0pcuDGkd ZvURJHjOo01x7bsN9sqK9o/4Ia48if4MYgr/A+ct EhLgff0+Hkev/brx5kW3EIYfu8FWw8ePtreedx/8v TZ8xeD3b1zqypD2ZQqocxlRiwTXLIpcBDsUhtGyk ywi+zqXaNfXDNjuZJnsNQsKclC8pxTAp5KBx9iWv DUzeKSQJHlTtepi+r7q3EdG74ogBijbrq2/a5vP6 n76WAYHoRt4b9BtAbDCVrVabrbu4vnilYlk0AFsXY WhRoSRwxwKljdjyvLNKFXZMFmZ1HiciWBSdoVPJS kZDZx7ZPUeOSZOc6VwY0ft+z9HY6U1i7LzDubGey m1pD/1BrG2Nx2zneSU5Yb4m/VH226NZS3dZeuQGl OaifZDdy2R3W65T5dzoxv9t/hR53pIT9OHJe6asV2 +LwSGBRuMsdzbhgFsfSAUMP9w2JaEH9d8D9jFdnJ yeHRUZPUJvgT2fn4IPL44+FwMl6Ht4NeodfoDYrQ WzRB79EpmiKKvqEf6Cf6FRTBp+Bz8GVlDXrrPS9R p4KvvwHZ1vGS</latexit><latexit sha1_base64= "xQjvsgyxcucWOzRxTylCgzw9OUQ=">AAAC5nicd VLLbtQwFPWER8vwmsKSjcVoVFZVMmoF3VViw44id dpKkyhyPPbEqmNb9g3tyIr6B+wQW36Cj0Fs4T9w0 kFqBrir43OOr319XBgpHMTx90F05+69+1vbD4YPHz 1+8nS08+zU6dpSNqNaanteEMekUGwGAiQ7N5aRqp DsrLh42+pnH5l1QqsTWBmWVWSpBBeUQKDy0fuUli L387QiUBbcmyb3SXN7NW1SK5YlEGv1Zd+22/ftZs 0wH43jvbgr/DdI1mCM1nWc7wyu04WmdcUUUEmcmye xgcwTC4JK1gzT2jFD6AVZsvlJknmuFTBF+0KAilT MZb57kgZPArPAXFvc+nHH3t7hSeXcqiqCs53BbWo t+U+tZazjrne+V4Iybkm41XCy6TZQXTV9ugZtBGm 8Ypdw1R3V68ZDuoLZ0Oy/w0960wN/k3mhTN2J3fC8 lhg0bjPHC2EZBbkKgFArwsNiWpJwXQg/4yayw8P9 g4M2qU3wJ7LT6V4S8If98dF0Hd42eoFeolcoQa/R EXqHjtEMUfQN/UA/0a+ojD5Fn6MvN9ZosN7zHPUq +vobV1bxUg==</latexit>
¬[(°p01,°p02)!(°p1,°p2)]
<latexit sha1_base64="q/YT+/e7cN5Wq3qTFlQ ho6wOrP8=">AAAC9HicdVLLahsxFJWnr9R9Oc2yG1FjkkAaZkxCkp2hmy5TiJOAZxg0smSLaKRBupPEi KE/0l3ptj+Rr+gndNv+QDVjFzpOe1eHc44e956bFVJYCMPvneDBw0ePn2w87T57/uLlq97m63OrS0PZmG qpzWVGLJNCsTEIkOyyMIzkmWQX2dX7Wr+4ZsYKrc5gUbAkJzMluKAEPJX2kpjOReomO+/inMA8466oUh dV23vxXosaVtu7sRGzORBj9M26/759N6m6aa8f7odN4fsgWoH+CC3rNN3sfIqnmpY5U0AlsXYShQUkjh gQVLKqG5eWFYRekRmbnEWJ41oBU7QteKhIzmzimgFVeOCZKeba4NqPG/bvE47k1i7yzDvrHuy6VpP/1Gr GWG5b7zslKOOG+F91B+vuAvLbqk2XoAtBKqfYDdw2T7Vu4z5rwYy/7L/ND1rdAz9OnFBF2YhN87yUGDS uNwBPhWEU5MIDQo3wg8V0Tvx3we/JMrKTk4PDwzqpdfAnsvPhfuTxx4P+aLgKbwO9QW/RDorQERqhD+gU jRFFd+gH+ol+BdfB5+BL8HVpDTqrM1uoVcG33z/79Nw=</latexit><latexit sha1_base64="q/YT+/e7cN5Wq3qTFlQ ho6wOrP8=">AAAC9HicdVLLahsxFJWnr9R9Oc2yG1FjkkAaZkxCkp2hmy5TiJOAZxg0smSLaKRBupPEi KE/0l3ptj+Rr+gndNv+QDVjFzpOe1eHc44e956bFVJYCMPvneDBw0ePn2w87T57/uLlq97m63OrS0PZmG qpzWVGLJNCsTEIkOyyMIzkmWQX2dX7Wr+4ZsYKrc5gUbAkJzMluKAEPJX2kpjOReomO+/inMA8466oUh dV23vxXosaVtu7sRGzORBj9M26/759N6m6aa8f7odN4fsgWoH+CC3rNN3sfIqnmpY5U0AlsXYShQUkjh gQVLKqG5eWFYRekRmbnEWJ41oBU7QteKhIzmzimgFVeOCZKeba4NqPG/bvE47k1i7yzDvrHuy6VpP/1Gr GWG5b7zslKOOG+F91B+vuAvLbqk2XoAtBKqfYDdw2T7Vu4z5rwYy/7L/ND1rdAz9OnFBF2YhN87yUGDS uNwBPhWEU5MIDQo3wg8V0Tvx3we/JMrKTk4PDwzqpdfAnsvPhfuTxx4P+aLgKbwO9QW/RDorQERqhD+gU jRFFd+gH+ol+BdfB5+BL8HVpDTqrM1uoVcG33z/79Nw=</latexit><latexit sha1_base64="q/YT+/e7cN5Wq3qTFlQ ho6wOrP8=">AAAC9HicdVLLahsxFJWnr9R9Oc2yG1FjkkAaZkxCkp2hmy5TiJOAZxg0smSLaKRBupPEi KE/0l3ptj+Rr+gndNv+QDVjFzpOe1eHc44e956bFVJYCMPvneDBw0ePn2w87T57/uLlq97m63OrS0PZmG qpzWVGLJNCsTEIkOyyMIzkmWQX2dX7Wr+4ZsYKrc5gUbAkJzMluKAEPJX2kpjOReomO+/inMA8466oUh dV23vxXosaVtu7sRGzORBj9M26/759N6m6aa8f7odN4fsgWoH+CC3rNN3sfIqnmpY5U0AlsXYShQUkjh gQVLKqG5eWFYRekRmbnEWJ41oBU7QteKhIzmzimgFVeOCZKeba4NqPG/bvE47k1i7yzDvrHuy6VpP/1Gr GWG5b7zslKOOG+F91B+vuAvLbqk2XoAtBKqfYDdw2T7Vu4z5rwYy/7L/ND1rdAz9OnFBF2YhN87yUGDS uNwBPhWEU5MIDQo3wg8V0Tvx3we/JMrKTk4PDwzqpdfAnsvPhfuTxx4P+aLgKbwO9QW/RDorQERqhD+gU jRFFd+gH+ol+BdfB5+BL8HVpDTqrM1uoVcG33z/79Nw=</latexit><latexit sha1_base64="q/YT+/e7cN5Wq3qTFlQ ho6wOrP8=">AAAC9HicdVLLahsxFJWnr9R9Oc2yG1FjkkAaZkxCkp2hmy5TiJOAZxg0smSLaKRBupPEi KE/0l3ptj+Rr+gndNv+QDVjFzpOe1eHc44e956bFVJYCMPvneDBw0ePn2w87T57/uLlq97m63OrS0PZmG qpzWVGLJNCsTEIkOyyMIzkmWQX2dX7Wr+4ZsYKrc5gUbAkJzMluKAEPJX2kpjOReomO+/inMA8466oUh dV23vxXosaVtu7sRGzORBj9M26/759N6m6aa8f7odN4fsgWoH+CC3rNN3sfIqnmpY5U0AlsXYShQUkjh gQVLKqG5eWFYRekRmbnEWJ41oBU7QteKhIzmzimgFVeOCZKeba4NqPG/bvE47k1i7yzDvrHuy6VpP/1Gr GWG5b7zslKOOG+F91B+vuAvLbqk2XoAtBKqfYDdw2T7Vu4z5rwYy/7L/ND1rdAz9OnFBF2YhN87yUGDS uNwBPhWEU5MIDQo3wg8V0Tvx3we/JMrKTk4PDwzqpdfAnsvPhfuTxx4P+aLgKbwO9QW/RDorQERqhD+gU jRFFd+gH+ol+BdfB5+BL8HVpDTqrM1uoVcG33z/79Nw=</latexit><latexit sha1_base64="q/YT+/e7cN5Wq3qTFlQ ho6wOrP8=">AAAC9HicdVLLahsxFJWnr9R9Oc2yG1FjkkAaZkxCkp2hmy5TiJOAZxg0smSLaKRBupPEi KE/0l3ptj+Rr+gndNv+QDVjFzpOe1eHc44e956bFVJYCMPvneDBw0ePn2w87T57/uLlq97m63OrS0PZmG qpzWVGLJNCsTEIkOyyMIzkmWQX2dX7Wr+4ZsYKrc5gUbAkJzMluKAEPJX2kpjOReomO+/inMA8466oUh dV23vxXosaVtu7sRGzORBj9M26/759N6m6aa8f7odN4fsgWoH+CC3rNN3sfIqnmpY5U0AlsXYShQUkjh gQVLKqG5eWFYRekRmbnEWJ41oBU7QteKhIzmzimgFVeOCZKeba4NqPG/bvE47k1i7yzDvrHuy6VpP/1Gr GWG5b7zslKOOG+F91B+vuAvLbqk2XoAtBKqfYDdw2T7Vu4z5rwYy/7L/ND1rdAz9OnFBF2YhN87yUGDS uNwBPhWEU5MIDQo3wg8V0Tvx3we/JMrKTk4PDwzqpdfAnsvPhfuTxx4P+aLgKbwO9QW/RDorQERqhD+gU jRFFd+gH+ol+BdfB5+BL8HVpDTqrM1uoVcG33z/79Nw=</latexit><latexit sha1_base64="ID1l2au0310DG7iGL9C K40yj0LQ=">AAAC9HicdVLLbhMxFHWGVwmvFJZsLKKorVSqmagVdFeJDcsiNW2lzGjkca4Tqx7bsj1tI 2vEj7BDbPkJvoJPYAs/gGcaJCaFuzo65/hx77mFFty6OP7ei+7cvXf/wcbD/qPHT54+G2w+P7WqMhQmVA llzgtiQXAJE8edgHNtgJSFgLPi4l2jn12CsVzJE7fUkJVkLjnjlLhA5YMspQue++n267QkblEwr+vcJ/ XWbrrbocb11k5q+HzhiDHqat1/276T1f18MIz34rbwbZCswBCt6jjf7H1MZ4pWJUhHBbF2msTaZZ4Yx6 mAup9WFjShF2QO05Mk80xJB5J2hQAlKcFmvh1QjUeBmWGmDG78uGX/PuFJae2yLIKz6cGuaw35T61hjGW 2876XnAIzJPyqP1p3a1de1126ckpzUnsJV+66fapzGwtZczDhsv82P+p079jbzHOpq1Zsm2eVwE7hZgP wjBugTiwDINTwMFhMFyR814U9uYns8HD/4KBJah38iex0vJcE/GF/eDRehbeBXqJXaBsl6A06Qu/RMZog ir6hH+gn+hVdRp+iz9GXG2vUW515gToVff0NvWz0nA==</latexit>
¬[p01p
0
2!p1p2]
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(a) (b) (c)
Figure 8: Assume collisions happen only in short range, then the transition rate χ[(p1r1;p2r2)!(p′1r′1;p′2r′2)] could have
nonzero value only within the range r1 ' r2 ' r′1 ' r′2. The scattering process (b) is the time reversal of (a), thus
they have equal transition rates χ[p1p2!p′1p′2] = χ[(−p′1,−p′2)!(−p1,−p2)]. The scattering process (c) is obtained by
making the 180◦ inversion of (b), thus they also have equal transition rates χ[(−p′1,−p′2)!(−p1,−p2)] = χ[p′1p′2!p1p2].
Therefore, we obtain the relation χ[12!1′2′] = χ[1′2′!12].
In this section, we will see the slowly increasing inter-particle correlations could be helpful in understanding this
paradox. Namely, due to the significant inter-particle correlation established during the “forward” process, indeed the
“backward” process no longer satisfies the molecular-disorder assumption, which is a crucial approximation in deriving
the Boltzmann equation, thus it is not suitable to be described by the Boltzmann equation, and the H-theorem does not
apply in this case either.
4.1 Derivation of the Boltzmann equation
We first briefly review the derivation of the Boltzmann transport equation [1, 64, 65]. When there is no external force,
the evolution equation of the single-particle microstate PDF f(p1, r1, t) is[
∂t +
p1
m
· ∇r1
]
f(p1, r1, t) = ∂tf
∣∣
col. (41)
The left side is just the above Liouville equation (29) of the ideal gas, and the right side is the probability change due
to the particle collision (assuming only bipartite collisions exist).
This collision term, rewritten as ∂tf
∣∣
col = ∆
(+) − ∆(−), contains two contributions: ∆(−) means the collision
between two particles (p1r1; p2r2) ! (p′1r
′
1; p
′
2r
′
2) kicks particle-1 out of its original region around (p1, r1), thus
f(p1, r1, t) decreases; likewise, ∆(+) means the collision (p′1r
′
1; p
′
2r
′
2) ! (p1r1; p2r2) kicks particle-1 into the
region around (p1, r1) and that increases f(p1, r1, t).
These two collision contributions can be further written down as (denoting dςi := d3ri d3pi)
∆(−) =
∫
F (p1r1; p2r2, t)χ[12!1′2′] dς
′
1 dς
′
2 dς2,
∆(+) =
∫
F (p′1r
′
1; p
′
2r
′
2, t)χ[1′2′!12] dς
′
1 dς
′
2 dς2, (42)
where F (p1r1; p2r2, t) is the two-particle joint probability, and χ[12!1′2′] denotes the transition ratio (or scattering
matrix) from the initial state (p1r1; p2r2) scattered into the final state (p′1r
′
1; p
′
2r
′
2). Due to the time-reversal and
inversion symmetry of the microscopic scattering process, the transition ratios χ[12!1′2′] and χ[1′2′!12] equal to each
other (see Fig. 8). Therefore, the above equation (41) is further written as [denoting F12 := F (p1r1; p2r2, t)]
∂tf(p1, r1, t) +
p1
m
· ∇r1f =
∫
(F1′2′ − F12)χ[12!1′2′] dς ′1 dς ′2 dς2. (43)
Now we adopt the “molecular-disorder assumption”, i.e., the two-particle joint PDF can be approximately written
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as the product of the two single-particle PDF6
F (p1r1;p2r2, t) ' f(p1, r1, t)× f(p2, r2, t). (44)
Essentially this is requiring that the correlation between the two particles is negligible. Then we obtain the Boltzmann
transport equation [denoting fi := f(pi, ri, t)]
∂tf(p1, r1, t) +
p1
m
· ∇r1f =
∫
(f1′f2′ − f1f2)χ[12!1′2′] dς ′1 dς ′2 dς2. (45)
4.2 H-theorem and the steady state
Now we further review how to prove the H-theorem from the above Boltzmann equation, and find out its steady state.
Defining the Boltzmann H-function asH[f(p1, r1, t)] :=
∫
dς1 f1 ln f1, the Boltzmann equation (45) guaranteesH(t)
decreases monotonically (dH/dt ≤ 0), and this is the H-theorem.
To prove this theorem, we put the Boltzmann equation into the time derivative ddtH(t) =
∫
dς1 ∂tf(p1, r1, t) ·
ln f(p1, r1, t). The Liouville diffusion term gives (denoting v := p/m)∫
dς1
p1
m
· ∇r1f1 · ln f1 =
∫
dς∇r · (vf ln f − vf), (46)
which can be turned into a surface integral and vanishes. And the collision term gives
dH
dt
=
∫
(f1′f2′ − f1f2)χ[12!1′2′] ln f1 dς ′1dς ′2dς1dς2
=
1
2
∫
(f1′f2′ − f1f2)χ[12!1′2′] ln f1 dς ′1dς ′2dς1dς2 +
1
2
∫
(f2′f1′ − f2f1)χ[21!2′1′] ln f2 dς ′2dς ′1dς2dς1
=
1
2
∫ [
(f1′f2′ − f1f2)χ[12!1′2′] ln(f1f2)
]
dς ′1dς
′
2dς1dς2, (47)
where the second line is because exchanging the integral variables 1 ↔ 2 gives the same value. We can further apply
the similar trick by exchanging the integral variables (12) ↔ (1′2′), and that gives
dH
dt
=
1
4
∫
(f1′f2′ − f1f2)(ln f1f2 − ln f1′f2′)χ[12!1′2′] dς ′1dς ′2dς1dς2. (48)
Here the transition ratio χ[12!1′2′] is non-negative, and notice that (f1′f2′ − f1f2)(ln f1f2 − ln f1′f2′) ≤ 0 always
holds for any PDF fi. Therefore, we obtain dH/dt ≤ 0, which means the function H(t) decreases monotonically, and
this encloses the proof. 
In the above inequality, the equality holds if and only if f1f2 = f1′f2′ , which means the collision induced increase
∆(+) and decrease ∆(−) of f(p, r) must balance each other everywhere, thus it is also known as the detailed balance
condition.
The time-independent steady state of f(p, r, t) can be obtained from this detailed balance equation f1f2 = f1′f2′ .
Taking the logarithm of the two sides, it gives
ln f(p1, r1) + ln f(p2, r2) = ln f(p
′
1, r
′
1) + ln f(p
′
2, r
′
2). (49)
Notice that the two sides of the above equation depends on different variables, and has a conservation form. Therefore,
ln f must be a combination of some conservative quantities. During the collision (p1r1; p2r2) ↔ (p′1r
′
1; p
′
2r
′
2), the
particles collides at the same position, and the total momentum and energy are conserved, thus ln f must be their
6Here we adopt the wording from Boltzmann’s original paper [64] (English translation [65]). In literature this assumption is usually called
Stosszahlansatz, or the molecular chaos hypothesis. The word “Stosszahlansatz” was first used by Ehrenfest in 1912, and its original meaning is
“the assumption of collision number” [8, 60, 66].
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combinations, namely, ln f = C0 + C1 · p + C2p2, where C0, C1, C2 are constants. Therefore, f(p, r) must be a
Gaussian distribution of p at any position r.
Further, the diffusion term in Eq. (45) requires p · ∇rf = 0 in the steady state, thus f(p, r) must be homogenous
for any position r. The average momentum 〈p〉 should be 0 for a stationary gas. Therefore, the steady state of the
Boltzmann equation (45) is a Gaussian distribution f(p, r) ∼ exp[−p2/2p2T ] independent of the position r, which is
the MB distribution.
4.3 Molecular-disorder assumption and Loschmidt paradox
In the above two sections, we demonstrated all the critical steps deriving the Boltzmann equation. Notice that there
is no special requirement for the interaction form of the collisions, as long as it is short-ranged so as to make sure
only bipartite collisions exist. The contribution of the collision interaction is implicitly contained in the transition rate
χ[12!1′2′], and the only properties we utilized are (1) χ[12!1′2′] ≥ 0 and (2) χ[12!1′2′] = χ[1′2′!12]. Thus it does not
matter whether the interaction is nonlinear.
No doubt to say, the molecular-disorder assumption (F12 ' f1 × f2) is the most important basis in the above
derivations7. Before this approximation, indeed Eq. (43) is still formally exact. Clearly, the validity of this assumption,
which is imposed on the particle correlations, determines whether the Boltzmann equation (45) holds. Now we will
re-examine this assumption as well as the Loschmidt paradox.
Once two particles collide with each other, they get correlated. In a dilute gas, collisions do not happen very
frequently, and once two particles collides with each other, they could hardly meet each other again. Therefore, if
initially there is no correlations between particles, we can expect that, on average, the collision induced bipartite
correlations are negligibly small, and thus this molecular-disorder assumption holds well.
Now we look at the situation in the Loschmidt paradox. First, the particles experience a “forward” diffusion
process for a certain time. According to the H-theorem, the entropy increases in this process. Then suppose all
the particle momentums are suddenly reversed at this moment. From this initial state, the particles are supposed to
evolve “backward” exactly along the incoming trajectory, and thus exhibit an entropy decreasing process, which is
contradicted with the H-theorem conclusion, and this is the Loschmidt paradox.
However, we should notice that, indeed the first “forward” evolution has established significant (although very small
in quantity) bipartite correlations in this new “initial state” [28]. This is quite similar like the above discussion about
the momentum-position correlation in Sec. 3.6. Thus, the above molecular-disorder assumption F12 ' f1 × f2 does
not apply in this case. As a result, the next “backward” evolution is indeed unsuitable to be described by Boltzmann
equation (45). Therefore, the entropy increasing conclusion of the H-theorem (dH/dt ≤ 0) does not need to hold for
this “backward” process. As well, the preparation of such a specific initial state is definitely unfeasible in practice, thus
the “backward” entropy decreasing process is rarely seen.
We emphasize that the Boltzmann equation (45) is about the single-particle PDF f(p, r, t), which is obtained
by averaging over all the other N − 1 particles from the full ensemble ρ(~P , ~Q, t). Clearly, f(p, r, t) omits much
information in ρ(~P , ~Q, t), but indeed it is enough to give most macroscopic thermodynamic quantities. For example,
the average kinetic energy of each single molecular 〈p2〉 = ∫ dς p2f(p, r) determines the gas temperature T , and the
gas pressure on the wall is given by P =
∫
px>0
dς (2px) · vxf(p, r) [1].
In contrast, indeed the inter-particle correlations ignored by the single-particle PDF f(p, r, t) are quite difficult
to be sensed in practice. Therefore, the N -particle ensemble may be “inferred” as ρ˜inf(~P , ~Q, t) =
∏N
i=1 f(pi, ri, t),
which clearly omits the inter-particle correlations in the exact ρ(~P , ~Q, t). Similar like the discussion in Sec. 3.4, based
on this inferred ensemble ρ˜inf(~P , ~Q, t), the entropy change gives ∆iS = SG[ρ˜inf(t)] − SG[ρ˜inf(0)] = N ln(V/V0),
which exactly reproduces the result in the standard thermodynamics. Thus ∆iS indeed characterizes the increase of
the inter-particle correlations.
In sum, even in the presence of the particle collisions, the full N -particle ensemble ρ(~P , ~Q, t) still follows the
Liouville equation exactly, thus its Gibbs entropy does not change. On the other hand, the single-particle PDF f(p, r, t)
7 In the last paragraph of Chap. I-5, Part I of Ref. [65] (pp. 29), Boltzmann said, “...The only assumption made here is that the velocity distribution
is molecular-disordered (namely, F12 ' f1 × f2 in our notation) at the beginning, and remains so. With this assumption, one can prove that H can
only decrease, and also that the velocity distribution must approach that of Maxwell.”
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follows the Boltzmann equation, thus its entropy keeps increasing until reaching the steady state. And this roots from
our ignorance of the inter-particle correlations in the full ρ(~P , ~Q, t).
5 Summary
In this paper, we study the correlation production in open and isolated thermodynamic systems. In a many-body system,
the microscopic dynamics of the whole system obeys the time-reversal symmetry, which guarantees the entropy of the
global state does not change with time. Based on the microscopic dynamics, indeed the full ensemble state is not
evolving towards the new equilibrium state as expected from the macroscopic intuition. However, the correlation
between different local DoF, as measured by their mutual information, generally increases monotonically, and its
amount could well reproduce the entropy increase result in the standard macroscopic thermodynamics.
In open systems, as described by the second law in the standard thermodynamics, the irreversible entropy pro-
duction increases monotonically. It turns out that this irreversible entropy production is just equal to the correlation
production between the system and its environment. Thus, the second law can be equivalently understood as the
system-bath correlation is increasing monotonically, while at the same time, the S+B system as a whole still keeps
constant entropy.
In isolated systems, there is no specific partition for “system” and “environment”, but we could see the momentum
and spatial distributions, as the marginal distributions of the total ensemble, exhibit the macroscopic irreversibility, and
their correlation increases monotonically, which reproduces the entropy increase result in the standard thermodynamics.
In the presence of particle collisions, different particles are also establishing correlations between each other. As a
result, the single-particle distribution exhibits the macroscopic irreversibility as well as the entropy increase in the
standard thermodynamics, which is just the result of the Boltzmann H-theorem. At the same time, the full ensemble
ρ(~P , ~Q, t) of the many-body system still follows the Liouville equation, which guarantees its entropy does not change
with time.
It is worth noticing that, in practice, usually it is the partial information (e.g., marginal distribution, few-body
observable expectations) that is directly accessible to our observation. But indeed most macroscopic thermodynamic
quantities are obtained only from such partial information like the one-body distribution, and that is why they exhibits
irreversible behaviors. However, due to the practical restrictions in measurements, the dynamics of the full ensemble
state, such as the constant entropy behavior, is quite difficult to be sensed in practice.
In sum, the global state keeps constant entropy, while partial information exhibits the irreversible entropy increase.
But in practice, it is the partial information that is directly observed. In this sense, the macroscopic irreversible entropy
increase does not contradict with the microscopic reversibility. Clearly, such correlation production understanding can
be applied for both quantum and classical systems, no matter whether there exist complicated particle interactions, and
it can be well used for time-dependent non-equilibrium states. Moreover, it is worths noticing that, if the bath of an
open system is a non-thermal state, indeed this is beyond the application scope of the standard thermodynamics, but
we could see such correlation production understanding still applies in this case. We notice that such correlations can
be found in many of recent studies of thermodynamics, and it is also quite interesting to notice that similar idea can be
used to understand the paradox of blackhole information loss, where the mutual information of the radiation particles
is carefully considered [67–70].
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A The entropy of a continuous probability distribution
For a finite sample space of N events with probabilities {pn}, the information entropy is well-defined as S
[{pn}] :=
−∑n pn ln pn. However, the situation of a continuous PDF is not so trivial, and a simple generalization from the
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discrete case would lead to a divergency problem.
For example, considering a uniform PDF P (x) = 1/L in the area x ∈ [0, L], to calculate its entropy, we first divide
the area into N pieces averagely, and then turn the discrete summation into the continuous integral by taking the limit
N !∞. Clearly here each piece takes the probability pn = 1/N , thus the entropy is S = −
∑
n
1
N ln
1
N = lnN , but
it diverges when N !∞.
Generally, for a continuous PDF P (x) in the area x ∈ [0, L], after the division into N pieces, the entropy is
S(N) = −
N−1∑
n=0
P (xn)∆x · ln
[
P (xn)∆x
]
, (50)
where ∆x = L/N , and xn = n ·∆x. Remember here P (x) is the probability density, which has the unit of the length
inverse [L−1], and P (x)∆x is the unitless probability. However, when taking the limit N ! ∞, the above equation
becomes
lim
N!∞
S(N) = lim
N!∞
N−1∑
n=0
−P (xn) lnP (xn) ·∆x− P (xn) ·∆x ln L
N
= −
∫ L
0
dxP (x) lnP (x)−
∫ L
0
dxP (x) lnL+ lim
N!∞
lnN ·
N−1∑
n=0
P (xn)∆x
:= −
∫ L
0
dxP (x) ln[P (x) · L] + lnN. (51)
In the 3rd term of the 2nd line, the summation converges to 1 whenN !∞, thus this term diverges as∼ lnN , and we
denote it as lnN. And notice that in the 1st term, now [P (x) · L] appears in the logarithm as a whole unitless quantity.
The diverging term lnN cannot be simply omitted. Considering the above example of the uniform distribution
P (x) = 1/L in the area x ∈ [0, L], which is supposed to give the largest entropy, we can see the 1st term in the above
result gives 0, and its entropy is exactly given by this diverging term S(N) = lnN .
Therefore, when generalizing the information entropy for the continuous PDF, it always contains a diverging term
lnN. There are two ways to resolve this problem. First, whenever this entropy is under discussion, we always focus
on the entropy difference between two states but not their absolute values. For example, in Sec. 3.4 we always focus
on the entropy change ∆S := S(t)−S(0) comparing with the initial state. In this case, the divergency of lnN in S(t)
and S(0) just cancels each other. As well, the length L in the above ln[P (x) · L] also can be canceled. Therefore, in
the definition (39) for Sx and Sp, the probability densitiesPx(x) andPp(p) appear in the logarithm directly although
they are not unitless.
Second, from the above simple example of the uniform PDF, we can see indeed this divergency origins from the
idealization for the continuity of the probability distribution. Notice that a continuous probability density is indeed not
directly accessible in practical measurements, in contrast, we should first divide the continuous area x ∈ [0, L] into N
intervals, and then measure the probability that appears in the interval between xn and xn + ∆x, which is denoted as
pn = P (xn)∆x. In the limit ∆x! 0, the histogram P (xn) becomes the continuous probability density (see Sec. 3.5).
Indeed here ∆x is the resolution in the measurement. A finer resolution indicates a larger sample space and more
possible probability distributions, and that results to the divergence of lnN. However, most practical measurements
have certain resolution limit, thus ∆x cannot approach 0 infinitely. If this resolution restriction is considered, the
diverging term lnN is constrained by the finite resolution.
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